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PREFACE 

Mensuration is so important a subject, and its results are of 
sucli practical utility in everyday life, that the ordinary course 
of arithmetic often is, and always should be, followed by the 
addition of rules and exercises on the subject. 

The following pages, it is hoped, will supply a want 
frequently felt by those who have had experience in teaching 
the subject ; and this book will be found to diflfer from those 
manuals most generally used in the following particulars : — 

(a) Except in one or two unimportant cases, where a know- 
ledge of the higher mathematics is necessary, a simple proof 
of every rule is given which can be easily mastered by all 
students who have a good knowledge of arithmetic and an 
elementary knowledge of algebra and geometry. 

(6) The diagrams illustrating the various figures and solids 
are veiy numerous, and have been carefully prepared with a 
view to elucidate the text. 

(c) In addition to a very large number of examples at the 
end of each section, several sets of examination papers have 
been introduced at convenient stages. 

{d) A set of very easy questions has been inserted at the 
end. These can be used either for mental work, rapid revision, 
or as easy exercises for beginners. 
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vi PREFACE. 

It is hoped that the treatment of the subject as herein 
exemplified will lead to a more intelligible knowledge of the 
principles on which the rules of mensuration are based, and 
that, besides supplying exercises for arithmetical accuracy, it 
will have an educational advantage, and render the subject an 
efifective means for mental discipline. 

The number of examples is so numerous that it can hardly 
be hoped the answers will be free from error. Great care has 
been taken, however, to ensure accuracy. The author will be 
thankful to receive any corrections or suggestions relating to 
the book. 



Boss Hn^L School, Bowdon, 
JwT, 1892. 
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BOOK I. 

Mensuration treats of the measurement of lengths, areas, and 
volumes. 

-- I.— ON THE MEASUREMENT OF LENGTHS. 

Lengths or distances are measured by the foot, yard, or mile. 
Land is measured by the chain, which consists of 100 links, and 
is 22 yards in length. 

I Table of Long Measure. 

12 in. = 1 ft. 
01 36 Id. = 8 it. = 1 yd. 

16ift. = 5iyds. = Ipo. 
660 ft. = 220 yds. = 40 po. = 1 fur. 
5280 ft. = 1760 yds. = 320 jx). = 8 fur. = 1 mile. 

3 miles = 1 league. 

Table of Chain Measure. 

100 Iks. = 22 yds. = 1 ch. 

220 yds. = 10 ch. = 1 fur. 
1760 yds. = 80 ch. = 8 fur.= 1 mile. 

Sza]iiple.-~How many chains will measure a distance of 5 miles 8 Sat 
15 po.? 

5 miles 8 fur. 15 po. = 1785 x 51 yds. = ^2?l^i chains. 

1735 
= — ch. = 433i t-'h- Ans. 



(^See Easy Exkbckes I, A.) 

B 
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EZEBCISE I. 

1. Reduce 46 miles 5 fur. 24 po. 3 yds. to yards. 

2. Reduce 839067 yds. to miles, etc. 
8. In 14 j miles how many feet ? 

4. How many chains in 4 miles 3 fur. ? 

5. How many miles, etc., in 766 ch. ? 

6. What distance in yards is 15 J ch. ? 

7. How many chains are there in 13 miles 3 fur. ? 

8. In seven million inclies how many miles, etc. ? 

9. What is the difference in yards between 9J miles and 54^ fur. ? 

10. What is the difference in feet between If miles and 135 ch. ? 

11. In thirty thousand links how many miles ? 

12. How many chains in 5 miles 1 fur. 20 po. ? 



II.-ON THE MEASUEEMENT OF AEEAS. 

An area is a surface enclosed by one or more boundaries or 
lines. 

^reas are measured by — 

(i.) Square measure, sometimes called land measure. 

(ii.) Square chain measure. 



(L) — Table of Square Measure (Land). 

12 in. X 12 in. 

= 144 sq. in. = 1 sq. ft. 
3 ft. X 3 ft. = 9 sq. ft. = 1 sq. yd. 

6^ yds. X h\ yds. = 30J sq. yds. = 1 sq. po. 

1210 sq. yds. = 40 sq. po. = 1 ro. 

4840 sq. yds. = 160 sq. po. = 4 ro. = 1 ac. 



(ii.) — ^Table of Square Chain Measure. 

100 Iks. X 100 Iks. 

= 10000 sq. Iks. = 1 sq. ch. = 484 sq. yds. 
100000 sq. Iks. = 10 sq. ch. = 4840 sq. yds. -. 1 ac. 

640 ac. = 1 sq. mile. 
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ON THE MEASUREMENT OF AREAS. 

Example I. — ^How maDy acres in 3507025 sq. Iks. ? 

3507025 sq. Iks. = 3507025 ac. 
4 



•28100 ro. 
4U 



11-240 po. 
Aus. 35 ac. ro. 11. fj po. 

Example II. — ^What is the measure of a field of 3 uc. when the square 
whose side is 1 1 yds. is the unit ? 

3 ac. = 4840 sq. yds. X 3 

The unit of area = 11 x 11 = 121 sq. yds. 

^^ ^ ., 4840 X 3 ,«^ , 
/. No. of units = — — — = 120 Aus. 

(/See Easy Exercises I. B.) 



EXEBCI8E II. 

1. Reduce 17 ac. 3 ro. 34 po. to square yards. 

2. In 905371 sq. yds. how many acres ? 
8. Reduce 33| ac. to square yards. 

4. Reduce 768595 sq. Iks. to acres, etc. 

5. How many square links in 6f ac. ? 

6. How many acres, etc., in 549 sq. ch. ? 

7. Reduce 16 ac. 3 ro. to square links. 

8. Reduce to acres, etc., 5390785 sq. Iks. 

9. How many square yards in 25J ac. ? 

10. How many square yards in 58129 sq. in. ? 

11. In 29 ac. 3 ro. 15 po. how many square yards ? 

12. How many acres, roods, etc., in 4050500 sq. Iks. 
18. How many acres, etc., in 709J sq. ch. ? 

14. If the unit of measure is 1100 sq. yds., what is the area of a field 
in acres, etc., whose measure is 22 ? 

15. What is the measure of an acre when a square whose side is 22 yds. 
is the unit ? 

16. What is the unit of measure of a field when a field of 10 ac. 
measures 242 ? 
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iri.-ON THE MULTIPLICATION OF MEASUREMENTS. 

The product arisiag from the multiplication of measurements may bo 
found in various ways. 

(i.) By Fractions. 

Szample.— Kequired the product of 5 ft. 8 in. by 10 ft. 10 in. 

5 ft 8 in. X 10 ft. 10 in. = 5? ft. x lOj ft. = "jf ft x V = W 8q- «^ 
= 61y^g sq. ft. = 61 sq. ft. 56 sq. in. Ans. 

Til.) By Reduction. 

Example. —Kequired the product of 4 ft. 7 in. by 8 ft. 11 in. 

4 ft. 7 in. X 8 ft. 11 in. = 55 in. x 107 in. =5885 sq. in. 
= 40 sq. ft. 125 sq. in. A'ls. 

(iii.) By Duodecimals, sometimes called Cross Multiplication. 

Table of Duodecimals. 

12 sq. in. = 1 twelfth of a sq. ft. or 1 superficial prime. 
144 sq. in. = 12 twelfths of a sq. ft. or 12 superficial primes = 1 sq. ft. 

A square inch is a square surface measuring an inch long and 
an inch broad. 

A superficial prime, or one-twelfth of a square foot, is a rect- 
angular surface measuring one foot in length by one inch in 
breadth. 

A square foot is a square surface measuring one foot iu 
length and one foot in breadth. 
Therefore the product of 

(i.) Inches by inches = square inches, 
(ii.) Inches by feet = superficial primes, 
(iii.) Feet by feet = square feet. 

Example.— Required the product of 7 ft. 8 in. by 8 ft. 7 in. 
ft. in. 

7 8 

8 7 



61 sq. ft. 4 primes = 7 ft. 8 in. X 8 ft. 

4 sq. It. 5 pri mei^S sq. in. = 7 ft. 8 in. X 7 in. 
65 Bq.Tt. 9 primes b sq. in. = 7 ft. 8 in. X 8 ft. 7 in. 
Ans. 65 sq. ft. 116 sq. iu. 

(5eeEA8T Exercises I. C.) 
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ON THE DtVlSldN OF MkAsUkMMMNtS. 

EXEBCI8E in. (A.) 

1. Multiply 5 ft. 11 iD. by 4 ft. 7 in. 

2. „ 5 ft. 7 in. by 4 ft. 10 in. 
8. „ 4 ft. 5 in. by 3 ft. 9 in. 
4. „ 18 ft. 9 in. by 14 ft. 7 in. 
6. „ 23 ft. 8 in. by 16 ft. 9 in. 

6. „ 2 ft. 9 in. by 10 ft. 4 in. 

7. „ 17 ft. 3 in. by 13 ft. 10 in. 

8. „ 9 ft. 3 in. by 3 ft. 5 in. 

9. „ .15ft.,9in. byl2ft. 4in. 

10. „ 10 yds. 2 ft 5 in. by 6 yds. 1 ft. 8 in. 

11. „ 15 yds. 1 ft 10 in. by 9 ydi'. 9 in. 

12. „ 6 jds. 2 ft 8 in. by 5 yds. 6 in. 



IV.— ON THE DIVISION OF MEASUBEMENTS. 

The quotient arising from the division of the meafeurement 
of a surface or aiea \y alength must give a measurement, in 
length. 

Thus ri.) square feet divided by feet give feet. 

(li.) square inches divided by inches give inches, 
(iii.') fequare chains divided by chains give chains. 
The lesults, as in multiplication, are bbtain^d in seveial 
ways. 

(i.) By Fractions. 

Bzample. — Required the quotient of 86 &q. ft. 96 sq. in. by 6 ft. 8 in. 
36 sq. ft 96 sq. in. -4- 6 ft 8 in. = 36§ sq. ft ^ 61 ft 

= ii« sq. ft. -*- ^. ft. = y ft. = 5J ft Ans. 
(ii.) By Reduction. 
.Szample. — Required the quotient of 106 sq. ft 36 sq. in. by 8 ft 4 in. 

106 sq. ft. .% sq. in. -i- 8 ft 4 in. = 15300 Eq. in. -i- 100 in. 

= 153 in. = 12 ft 9 in. Ans. 

EZEBCI8E m. (B.) 

1. Divide 29 sq. ft 56 sq. in. by 7 ft 8 in. 

8. „ 2 sq. yds. 6 sq. ft by 5 ft. 4 in. 

8. „ 35 sq. yds. 5 sq. ft. 48 sq. in. by 20 ft 8 in. 
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4. Divide 21 ac. 1 ro. 30 po. by 385 yds. 

5. „ 3i ac. by 242 yds. 

6. „ 1 sq. mile by 5 miles. 

7. „ 5i ac. by 32 ch. 

8. „ 3 ac. 34 po. by 5 cb. 14 Iks. 

9. „ 180 sq. yds. 4 sq.ft. by 9 yds. 2 ft. 

10. ., 127 sq. yds. 4 sq. ft. by 12 yds. 1 ft. 

11. „ 59 sq. ft. by 2\ sq. ft. 

12. „ 90 sq. in. by 4^ sq. in. 



v.— ON THE KIGHT-ANGLED TRIANGLE. 

A triangle is a figure bounded by three straight lint s. 

A right-angled triangle is one which has one of its angles a 
right angle. 

The side opposite the right angle is called the hypothenuae. 

The other two sides are called the base and perpendiculnr 
respectively. 

(a) To find the hypothennse, the base and perpendicnlar being 

given. 

Let ABC be a right-angled triangle, having 
ABC the right angle. 

Let AC the hypothenuse = h. 
Let AB the perpendicular = p. 
Let BC the base = b. 

Then 7*2 = p2 + h^ ( Euc. L 47.) 
.-. // - ^/p' + 62 

Rule. — Take the square root of the som 
of the squares of the base and perpendicular. 

(6) To find the base when the hypothenuse and perpendicnlar are 

given. 

Nowi)» + fc2 = ^* 

/. 62 = h^ -p^ = (h +p)(h-'p) 

.'. b = Vh:^-p^= V{h +p) (A "pj 

KiTLE. — Take the square root of the difference of the squares of the 
hjrpothenuse and perpendicular ; or. Take the square root of the product 
of the sum and difference of the hypothenuse and perpendicular. 
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ON THE RIGHT-ANGLED TRIANGLE, 7 

(e) To find the peipendicnlar when the hypothennse and base are given. 

Now «2 + &« = ^« 

.-. _p2 = A2 ^h^=: (h + h)(h- b) 

.'. p = Vh^-h^^ ^{h + 6) (A - 6 

KuLE. — Take the square root of the diiferenee of the squares of the 
hypoihenuse and base ; or. Take the square root of the product of the sum and 
difference of the hypothenuse and base. 

Example. — The length of the hypothenuse is 27 ft., and of the base of a 
right-angled triangle is 15 ft. : what is the length of the perpendicular? 

p = V^* - 6» = ^'^*' - 15« = V(27+I5)(27-15) 
= V42 X 12 = V7 X 6 X 6 X 2 = 6^14 = 2244 ft Ans. 

EXEECISE 17. 

Find the hypothenuse of the following right-angled triangles, whose 
measurements are — 

1. Base 3 ft. 4 in., perpendicular 2 ft. 8 in. 

2. Base 7584 ft., perpendicular 3937 ft. 

8. Base 2 eh. 20 Iks., perpendicular 1 ch. 63 Iks. 

4. Base 15J yds., perpendicular 16j yds. 

Find the remaining side of the following right-angled triangles, whose 
measurements are — 

5. Hypothenuse 6 ft. 9 in., base 3 ft. 8 in. 

6. Hypothenuse 8^ fur., perpendicular 6} fur. 

7. Hypothenuse 725 ft., perpendicular 644 ft. 

8. Hypothenuse 3 cb. 13 Iks., base 1 ch. 

9. A ladder 36 ft. long stands erect close to the wall of a building. 
How many inches will the top fall if the foot be pulled out 13 ft. from 
the wall ? 

10. Barcelona is 188 miles N.E. from Valencia, and 570 miles N.W. 
from Tunis : find the distance of Tunis from Valencia. 

11. The sides of a garden in the form of a right-angled triangle are 
133 ft. and 156 ft. respectively : find the length of the hypothenuse. 

12. One end of a rope 52 ft. long is tied to the top of a pole 48 ft. 
high, and the other end is feistened to a peg in the ground. If the pole 
be vertical and the rope tight, find how far the peg is from the foot of 
the pole. 

18. A wall 72 ft. high is built at one ed^e of a moat 54 ft. wide : how 
long must scaling-ladders be to reach from the other edge of the moat to 
the top of the wall ? 

14. The houses in a street are 40 ft. high, and the street is 30 ft wide : 
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find the length of the ladder which will reach from the top of one of the 
houses to the opposite side of the street. 

15. Find the length of the perpendicular drawn from the vertex of an 
isosceles triangle whose equal sides are 10 ft. and whose base is 2 ft. 

16. A flagstaff 30 ft high was broken over, and the top struck the 
ground 18 ft. from the bottom of the staff: what was the length of the 
part which fell ? 

VI.~A. ON SURFACES. 

Definitions. 

A parallelogram is a figure bounded by four straight lines 
whose opposite sides are paralleL 

A rectangular parallelogram is one all of whose angles are 
right angles. It is also called a rectangle. 

A square is a rectangular parallelogram which has all its 
bides equal. 

An oblique parallelogram is one having none of its angles 
right angles. 

A rhombus is an oblique parallelogram having all its sides 
equal. 

A rhomboid ia an oblique parallelogram having its opposite 
sides equal. 

VI.— B. ON RECTANGULAR PARALLELOGRAMS. 

(i.) The Square. 

(a) To find the area, side being giveiL 

Let ABCD be a square whose side AB 
rneasures 4 units. It is evident that the sur- 
face contains 16 square units. 

Let A = area, and s = side. 

Then A = ««. 

Rule. — ^Take the square of the given side. 

0>) To find the perimeter, the side being given. 

The perimeter of a figure is the sum of its 
boundaries. 

.*. Perimeter of a square = 4 times the 
length of the side. 



A . ; ' 

O 41 



Rule.— Multiply the length of the side by 4. 
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ON RECTANGULAR PARALLELOGRAMS. 9 

(c) To find the side, area being given. 
Now 6* = A 
.-. « = Va. 

Rule. — Take the square root of the area. 

(d) To find the diagonal, side being given. 

The diagonal of a square is the hypothenuse of a right-aogled triaugle 
whose base and perpendicular are the sides of the square. 
Let d = diagonal, and 8 = side. 
Then cP - s^ + s^ ^ 2b^ 
.-. d = V2? = «a/2 
Rule. — Multiply the length of the tide by the square root of 2. 

(0) To find the diagonal, area given. 
Now d^ = 28^ from above 
And s* = A 
.-. d^ = 2A 
.-. d = V2A. 

Rule. — ^Take the square root of twice the area. 



(/) To find the area, 


, diagonal 


given. 


Now 2s2 = 


d^ 




.-. b2 = 


d^ 
2 




But «2 = 


:A 




.-. A = 


d2 

'' 2 





Rule. — Take one-half of the square of the diagonal. 

Xzaiuple. — The rent of a square field at £2 14s. 6(2. per acre amounts to 
£27 5». Find the cost of putting a paling round the field at 9(1. a yard. 
1 acre costs £2 14«. 6(2. 

/.No. of acres = £27 5«. -i- £2 14«. 6(2. 
/. Area in square yards = 27J -4- 2jg x 4840 = »f X ift X 4840 = 48400 



= 27i. 

1= V4"i 



/. Length ofone side in yards = v 48400 = 220 yds. 

^ _ ,. 220 X 4 X 3 .^. 
Bt of paling = = 660«. 

(/See Easy Exsbgises II. B and G.) 



220 ^ 4 V 3 
Cost of paling = = 660«. = £33 Ans. 
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EZEBCISE T. 

Find the area in square yards of squares whose sides are — 

1. 6^ yds. 2. 13 yds. 3. 30^ yds. 

4. 83 ft. 6. 10 yds. 2 fr. 6. 15 ft. 8 in. 

Find the area in square yards, etc., of squares whose sides are — 

7. 12 yds. 2 ft. 8. 14 yds. 1 ft. 9. 3 yds. 1 ft. 

Find the area in acres, etc., of squares whose sides are — 

10. 500 ft. 11. 110 yds. 12. 121 yds. 

Find the area in acres, etc., of squares, whose sides are — 

13. 12 ch. 25 Iks. 14. 18 ch. 36 Iks. 

16. 3250 Iks. 16. 26 ch. 35 Iks. 
Find the sides of squares having the following areas : — 

17. 8649 sq. yds. 18. 6^ ac. 

19. 10 ac. 3 ro. 20 po. 20. 64*064016 sq. ft. 

Find the areas of the squares w e diagonals are — 

21. 275 yds. 22. 1760 yds. 23. 9 ft. 9 in. 24. 1000 Iks. 

Find the diagonals of the squares whose areas are — 

25. 7 sq. in. 26. 1521 sq. yds. 27. 5 ac. 28. \\ ac. 

29. Find the length of the side of a square enclosure the paving of 
which cost £27 1«. 6rf. at 8(^. a square yard. 

30. Find the side of a square field containing 2 ac. 121 sq. yds. 

31. Find the cost of turfing a square tennis-court whose side is 42 ft., 
at ^d. a square yard. 

32. Find the area of a square whose side is 871 Iks. 

33. The sides of three squares heing 5, 6, and 7 ft. respectively, find 
the side of a square which is equal in area to the sum of the three. 

34. What is the area of a square field whose side is 15 ch. 40 Iks. ? 

35. Find the side of a square field containing 10 ac. 

36. What, is the length of the side of a square garden that costs 
£33 16«. 10j(i., trenching at 2\d. per square yard ? 

87. The diagonal of a square courtyard is 30 yds. : find the cost of 
gravelling it at 10^. for 9 yds. 

38. The rent of a square field at £2 145. 6(f. an acre amounts to 
£27 5«. : find the cost of putting a paling round it at 1\d, a yard. 

39. The diagonal of a square field is 875 Iks. : find the side of another 
square field which contains three times the area. 

40. The diagonal of the floor of a square room measures 32 ft., and the 
height of the room is 14 ft. How many yards of paper 9*45 in. wide 
will bo required to cover the walls, allowing 15 sq. yds. for door, 
windows, etc. ? 
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41. Of two squares, one measures 44 ft. more round than the other, 
and 187 sq. ft. more in area. What are their respective sizes ? 

(ii.) The Kectangle (or Oblong). 

(a) To find the area of a rectangle. 

Let ABCD be a rectangle. 
If AB = 8 units, and BC = 4 units, it is evident the area of the 
rectangle equals 8 x 4 sq. units = 32 sq. units. 



A 














B 
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t 



Let A = number of square units in area, I = number of units in length, 
and b = number of units in breadth. 

Then A = lxh 

Rule. — Multiply the length by the breadth. 

(P) To find the perimeter, length and breadth given. 
Let P = perimeter. 
Then P = 2 (Z + J) 

Rule. — Multiply the sum of the length and breadth by two. 

(c) To find the other side, area and one side being given. 
A = hxl 

Rule.—- Divide the area by the given side. 
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((2) To find the diagonal, length and breadth being given. 

Let d = diagonal 

Then (^ = p + ja (Euc. I. 47, and Sect. V. (a).) 

/. d = V?TP 

Rule.— Take the square root of the sum of the squares of the length 
and breadth. 

Example.— Find the cost of surrounding a bowling-green 80 ft. by 46 ft 
2 in. with a paved walk a yard and a half wide, at 28. %d, per square foot. 

Area of bowling-green and walk = (80 -h 9) x (46J -f 9) = 89 x 55J sq. 
Area of bowling-green = 80 x 46^ sq. ft. 

/. Area of the walk = 89 x 55i - 80 x 46i = i^s sq. ft. 
/. Cost of the walk = iJJia x 23«. = ifa x f = 3244». 
= £162 4«. Ans. 

(iii.) On the Areas op Floors and the Walls of Rooms. 

(a) FioorB of rooms are generally squares or rectangles, and 
their areas will be found by multiplying the length by the 
breadth. 

(6) Walls of rooms are also generally squares or rectangles, 
and their areas will be found by multiplying the total length 
of the walls by the height of th^ room. 

(c) The length of carpet required to cover a floor equals the 
area of the room divided by the width of the carpet. 

Example.— A room is 15 ft. 9 in. long, 12 ft. 8 in. broad, and U ft. high : 
find the area of the floor, and of the walls, and the number of yards of carpet 
2 ft. 3 in. wide required to cover it. 

(i.) Area of floor = 15 ft. 9 in. x 12 ft. 8 in. = 15^ x 12| sq. ft 
63 38 399 
= ^ X = = 199J sq. ft. Ans. 

7 O A 

(ii.) Area of walls = 2 (15 ft. 9 in. + 12 ft. 8 in.) x 11 a 
= 28 ft. 5 in. X 2 X 11 ft. 

noc o ., 341x2x11 3751 .^ 
= 28^ X 2 X 11 = = — sq. ft 

= 625i sq. ft. Ans. 

63 88 4 266 ^, 
(iii.) Length of carpet = ISj x 12§ -*- 2i = — x y ^ 9 = ~§" ^*- 

266 ^ n^, , A 

= -^ yds. = 29} yds. Ans. 
(See Easy Exkrcises 11. A akd D.) 
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EXBBCI8E VI. 

Find the areas in square yards of the following rectangles, whose 
sides are — 

I. 17 ft. by 3 yds. 1 ft. 2. 10 yds. 1 ft. hy 12 yds. 1 ft. 
8. 7 yds. 2 ft. by 5 yds. 1 ft. 4. 2 yds. 2 ft. by 1 yd. IJ ft. 

6. 6 yds. \\ ft. by 5 yds. 2 ft. 6. 8 yds. 1 ft. by 7 yds. 1 ft. 
Find the areas in acres, etc., of the following rectangular fields, whose 

sides are — 

7. 7 ch. 4 Iks. by 8 oh. 12 Iks. 

8. 10 ch. 80 Iks. by 12 ch. 40 Iks. 

9. 11 ch. 25 Iks. by 8 ch. 30 Iks. 

Find the breadth of the following rectangles, whose measurements 
are — 

10. Area 1 ac., and length 110 yds. 

II. Area 1000 ac., and length 2| miles. 
12. Area 5} ac. and length 32 ch. 

Find the perimeters of the following rooms, whose measurements are — 
18. Length 12 ft. 8 in., and breadth 10 ft. 9 in. 
14. „ 14fr. 3in., „ 12 ft. 6 in. 

16. „ 14 ft. 7 in., „ 13 ft. 5 in. 

Find the areas in square yards of the following rooms, whose measure- 
ments are — 

16. Length 12 ft. 8 in., and breadth 10 ft. 9 in. 

17. „ 14 ft. 3 in., „ 12 ft. 6 in. 

18. „ 14 ft. 7 in., „ 13 ft. Sin. 

What is the area in square yards, etc., of the walls of the following 
rooms, whose measurements are — 

19. Length 12 ft. 8 in., breadth 10 ft. 9 in., and height 9 ft. 6 in. 

20. „ 14 ft. 3 in., „ 12 ft. 6 in., „ 10 ft. 6 in. 

21. „ 14 ft. 7 in., „ 13 ft. 6 in., „ 11 ft. 6 in. 

22. A room is 26 ft. long, 17 ft. wide, and 15 It. high : how many 
yards of paper 24 in. wide will cover the walls, allowing 10 sq. yds. for 
door, windows, and fireplace ? 

28. A rectangular field of 4 ac. 1 ro. 28} po. is 781J Iks. in length. 
What is its breadth ? 

24. The breadth of a room is half as much again as its height ; its 
length is twice its height, and it costs 5 guineas to paint its walls at \\d, 
per square foot. What are the dimensions of the roon) ? 

25. A rectangular grass plot measures 320 yds. by 160 yds. ; all ronnd 
it is a gravel path 6 ft. broad. The price for making the grass plot is 
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6(2. per square yard. What mast be the price of the gravel path per 
square yard that the path may cost £1183 4s, less than the grass plot ? 

26. A rectan<rular court is 120 ft. lon^ aud 90 ft. broad, and a path of 
uniform width of 10 ft. nms round it. Find the cost of covering the path 
with flagstones at 48. 6(2. a square yard, and the remainder of the court 
with turf at 6«. 6(2. per 100 sq. ft. 

27. A room is 20 yds. 1 ft. 6 in. long, 15 yds. 1 ft. 6 in. wide, and 
17 ft. 6 in. high : how much will it cost to paper it with paper | yd. wide 
at 2J(2. per yard? 

28. The sides of a rectangle are 16 ft. and 10 ft. Find to four places 
of decimals the length of the diagonal of a square whose area equals that 
of the rectanijcle. 

29. Fir»d what length of carpet | yd. wide will cover a floor 36 ft. 9 in. 
by 24 ff. 6 in. 

30. Find the cost of covering a floor 24 ft. 10 in. by 16 ft. 6 in. with 
carpet J yd. wide at 5«. 6(2. a yard. 

' 81. An oblong courtyard measuring 35 ft. by 24 ft. is paved with 
oblong slabs each 2^ ft. by 1| ft. . how many slabs were required ? 

82. The cost of a carpet for a room 28} ft. long is £17 88. 4(2. at 58; 6(2. 
a square yard : find the breadth of the room. 

33. A room is 14 ft. 9 in. long, 12 ft. 6 in. wide, and 10 ft. 6 in. 
high : find (i.) area of the walls ; (ii.) area of the floor ; (iii.) cost of covering 
the floor with carpet 2 ft. 3 in. wide at 48. 6(2. a yard. 

34. Find what length of dmgget 3} ft. wid^ will cover a floor 27 ft. 5 in. 
by 19 ft. 5 ill., and what the cost will be at 48. 6rf. a yard. 

35. What is the area of the walls and ceiling of a room which is 
14 ft. 7 in. long, 12 ft. 8 in. wide, and 12 ft. 3. in. high? 

36. A room is 15 ft. 6 in. long, 12 ft. 3 in. broad, and 11 ft. high : 
find— 

(i.) Area of the room in square yards, 
(ii.) Area of the walls in square yards, 
(iii.) Number of yards of carpet 2 ft. 3 in. wide required to cover 

the floor, 
(iv.) Cost of painting the walls and ceiling at 8(2. a square yard, 
(v.) Cost of covering the floor with carpet 4 ft. 6 m. wide at 

58. 6(2. a yard. 

37. A room is 14 ft. 8 in. long, 12 ft. 6 in. broad, and 11 ft 6 in. 
high : find — 

(i.) Area of the walls in square yards, 
(ii.) Area of the floor in square yards, 
(iii.) Number of yards of carpet 3 ft. 6 in. wide required to cover 

the floor, 
(iv.). Cost of papering the walls at 4J(2. a square yard. 



Digitized by VjOOQ IC 



ON OBLIQUE PARALLELOGRAMS. 15 

(v.) Cost of painting the ceiling at 2s. 9(2. a square yard, 
(ri.) Cost of covering the floor with floor-cloth 5 ft. 6 in. wide at 
2^. 9d a yard. 

VII.— ON OBLIQUE PAKALLELOGKAMS. 

(a) To find the area of an obliqne parallelogram, the length 
and perpendicnlar height being given. 

. Let ABCD be an oblique parallelogram. 

Now, parallelograms on the same base and between the same parallels 
are equal (Euc. 1. 35). a ^ be 

Therefore the area of the oblique i "y 1 » 

imralleloorram ABCD equals the area \ / \ / 

of the rectangle Ahba. \ / \ / 

Let A = area, I = length, and | / \/ 

h = perpendicular height. '^ ^'^ 

Then A = lx h ^ ^ 

BuLE. — ^Multiply the length of the base by the perpendicular height 

(h) To find the perpendicular height, the area and leDgth of base 

being given. 

Now Ix h = A 

BuLE. — nivide the area by the length of the base. 

(c) To find the longth of base, the area and perpendicnlar height 

being given. 
Now I X h = A 

■•-t 

BuLE.— Divide the area by the perpendicnlar height. 

(d) To find the area of a rhombns, the two diagonals being given- 
Let ABCD be a rhombus having the diagonals . 

AC and BD. 

The diagonals AC and BC bisect each other 
in at right angles (Euc. I.). / \Qy 

DR(Aq+oC) DBxAC / y< 

•'• ^^^ " 2 ~ 2 

(See Sect. VIIT. (a).) 
Rule.- Take one-half the product of the two D 
diagonals. 
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EZEBCISE TIL 

1. The diagonals of a rhombus are 88 yds. and 110 yds. : find the 
area. 

8. Find the area of a parallelogram whose length of base is 78 ft., 
and perpendicular height 42 ft. 

8. The area of a rhombus is 500 sq. ft., the length of one side is 50 ft. : 
what is the length of the perpendicular on that side from the opposite 



4. The diagonals of a rhombus are 25 in. and 15 in. : find the area. 
6. Find the area of a rhomboid whose base is 14 yds., and perpendicular 
height 5 yds. 

6. Find the area of a parallelogram whose base is 242 yds., and 
perpendicular height 70 yds. 

7. The area of a parallelogram is 177 sq. yds. 5 sq. ft., and the perpen- 
dicular height is 11 yds. 1 ft. : find the base. 

8. Each side of a rhombus is 24 ft., and one of the diagonals also is 
24 ft. : find the area. 

9. Find the area of a rhombus whose base U 12 ft. 10 in., and perpen- 
dicular height 9 ft. 8 in. 

10. What is the area of a parallelogram whose side is 2185 Iks., and 
perpendicular breadth 1426 Iks. ? 

1 11. A grass plot in the form of a parallelogram ia 50 ft. long and 40 ft. 
in perpendicular breadth : find the cost of turfing it at ^d. per square yard. 

12. The sides AB and BC of a parallelogram are 28 and 18 : if the 
perpendicular from A on BG is 10, what must be the perpendicular from 
ConAB? 

18. Find the area of a rhombus whose side is 2 ft. 4 in., and perpen- 
dicular breadth 9*32 in. 

14. E^ach side of a rhombus is 65 ft., and one of its diagonals is 104 ft. : 
find the area. 

16. The area of a garden in the form of a rhombus is 99 sq. yds., and 
its perimeter is 108 ft. : find its perpendicular breadth. 

16. The sides of a lawn, which is in the form of a rhombus, are each 
50 ft. If the cost of making at 8</. per square yard amounts to £7 8«. 2d, 
what is the i)erpendicular breadth ? 

17. What length of matting f yd. wide will cover a room 39 ft. 6 in. 
long, and' whose perpendicular breadth is 25 ft. 6 in.? 

18. fiow much paper 21 in. wide will bo required for a room 24 ft. 
long, 18 ft. wide, and 12 ft. high, allowing for a doorway 8 ft. by 4J ft 
and 3 windows each 6 ft. by 3^ ft. ? 
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VIII.— ON TRIANGLES. 

A triangle is a figure bounded by three straight lines. 
/ot An equilateral triangle is one which has its three sides 
equal. 

An i909celes triangle is one which has two sides equal. 

Any side of a triangle may be regarded as its base* 

The perpendicular height is the perpendicular on the base from 
the opposite angle. 

(a) To find the area of a triangle, the length of the base 
and the perpendicular height being given. 

Let ABC he a triangle, and 
BCde a rectangular parallelogram 
on the same base and between the 
same parallels BC and ed. 

Now, a triangle and parallelo- 
gram being on the same base and 
between the same parallels, the 
triangle is one-half the parallelo- 
gram (Euc. L 41). 

Let BC be the base = h ; and 

Ao be the perpendicular height = h ; and A = area. 

r^ * h X h 
Then A = —r- 

Rule. — ^Take one-half of the produot of the base by the perpendicular 
height. 

Q>) To find the peipendicular height, the area and length of the base 
being given. 

Now — — = A 

^ A X 2 2A 

Rule. — Divide twice the area by the length of the base. 

(c) To find the length of the base, the area and the perpendicular 
height being given. 




Now — - — = A 
2 



& = 



Ax 2 



2A 

X 



RtTLE. — Divide twice the area by the perpendicular height 
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(d) To find the area, the lengths oftiie thjsM aides being given. 

^ Let ABC be a triangle having 

^^ its three sides AB = e, BC = a, 

and AG = h. 

Let the perpendicular AD be 
drawn on BC. 
Let BD = X. 
Then DO will equal a-^x. 

Now AD« = c» - a;«, and 
^ AD2 = J« - (a - a;)2 (Euc. L 
47.) 
/. c* - a;2 = 6« - (a - a;)« = &2 - aS + 2(m; - ic2 

.-. 2ax = a« + c« - ft2 

/. X = = BD 

2a 




But AD« = c2 - x2 = c2 - { 2a ^ 



=( 



c + 



,,2 + c2 _ J8 



)(- 



a2 + c2 - 62v 



2a /\ 2a / 

2ac + a2 + c2 - 62 2ac - a2 - c' + ^ 

" 2a ^ 2a 

a2 + 2ac + c2 - £2 ^,2 „ ^2 4, 2ac - c^ 

" 2tt ^ 2a 

^ (a + c)2-fc2 z,2 „ (^ , c)2 

2a ^ 2a 

_ (g + c + &) (a + c - 6) (£ + g - c) (& - o + c) 
4a2 

.'. AD = ~ >/(g + 6 + c) (g + c - 6) (6 + a - c) (6 + c - a) 

But area of triangle ABC = ^^ ^ ^^ 
.". Area of triangle 

"2 ^ 2^ V(a + 6 + c)(a + c - 6)(6 + a - c)(6 + c - a) 

_ 1 ,- 

- - V (g + 5 + c) (a + c - 6) (6 + a - c) (6 + c - o) 

Now let a + & + c = 2«. 

Then a + c — h will equal 2(s — &), for o + 6 + c — 26 = 2s — 26 

.\a + c-b = 2(« - 6) 
And a + 6 — c will equal 2(s — c) 
And h + c-^ a will equal 2(« — a) 
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.*. Area of triangle 

^ - V27x 2(«-6)x 2(«-c)x 2(«-a) 

= - V«(« - 6)(.s - c) (« - a) = V«(« - a) (3 - J) (« - c) 

RnLE.^From half the lam of the three lidei inbtraot each side 
separately ; mnltlply the half-inm and the three remainders together, and 
extract the square root of the product. 

Thus let the lengths of the three sides be a, J, and c respectively 
Then — 

I. — ^Zind half the sum of the three sides. 

a + h + c 

—2 — = • 

II. — Subtract from this half-sum each side separately. 

s^a =z r^ s-~h = r2 s — c = r^ 

Ill.'-Xultiply the half-sum and the three remainders together. 

8X ri X r2 X r^ 
lY. — ^Take the square root of the product. 
Va.ri.rj.rj = Area. 

(e) To find the area of an equilateral triangle, the length of 
the side being given. 

Let ABC be an equilateral triangle. 
Let BO = 8, and AD = h. 

Then area of ABC = = 

2 2 

ButA2 = «2 - 1=3? i^^L 

444 







.'. Area of ABC = =-7 ^/^ 

2 4 

Rule.— Square the length of the given side, and multiply by one-fourth 
of the square root of 8. 

Note. — The square root of 3 is 1-732, and one-fourth of the square 
root of 3 is -433. 

(See Easy Exercises IIL, A, B, and C.) 
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EXEBCISE Vm. 

Find the area of the following trianQ;1e8 whose measurements are-* 

1. Base 8 yds. 1 It., height 6 yds. 2 ft. 

2. Base 14 ch. 15 Iks., height 12 eh. 24 Iks. 

8. Base 11 ft. 4 in., height 10 ft. 5 in. 

4. Base 4068 Iks., height 2010 Iks. 

5. If the area of a triangle is 300 sq. ft., and the perpendicular height 
S ft., find the base. 

6. If the area of a triangular field is 56 ac. 2 ro. 31 po., and the base 
measures 35 ch. 68 Iks., find the perpendicular height in chains, etc. 

Find the areas of the triangles whose sides are — 

7. 12, 15, and 18. 8. 64, 64, and 32. 

9. 1000, 1100 and 1200. 10. -9, 1, and 1-1. 

11. The base of a triangular field is 1166 Iks., and the perpendicular 
height is 738 Iks. ; the field is let for £24 a year : what is the rent per 
acre? 

12. A triangle of which the three sides are 3161, 3111, and 560 is 
equal in area to an isosceles triangle of which the altitude is 1220 : find 
the base of the isosceles triangle. 

18. The base of a triangle is 48 ft., the height 20 ft., and one of the 
sides 24 ft. : find the other side. 

14. The perimeter of an equilateral triangle being 27 yds., find the area. 

15. K the area of a triangular field is 1 ac. 2 ro., and the perpendicular 
height is 750 Iks., find the length of the base. 

16. The three sides of a triangular field measure 500, 530, and 600 
Iks. respectively : what is the value of the field at £6 10«. per acre ? 

17. What would be the cost of carpeting a triangular room the sides 
of which measure 20 ft., 15 ft., and 17 ft. respectively, at 4«. M. a square 
yard? 

18. A triangular garden has each of its sides 36 ft. : what is its area? 

19. A triangular piece of ground whose sides are 500, 800, and 500 
yds. respectively is let for £30 : find the rent per acre. 

20. Find the side of an equilateral triangle, supposing it costs as 
much to pave the area at 9(^. per square foot, as to fence the three sides at 
5s. per foot. 

21. The area of a triangle is 19 ac. 3 ro. 8 po., and the perpendicular is 
18 ch. : find the length of the base in chains, etc. 

22. The area of a triangle is 6 ac. 2 ro. 8 po. ; its perpendicular is 
826 Iks. : what will be the expense of making a ditch the length of the 
base at 2«. 6d a perch ? 

28. The three sides of a triangular fish-pond measure 293, 239, andr 
185 yds. respectively : what did the ground cost at £185 per acre ? 
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91 The sides of a triangular field are 10 ch., 8 ch., and 12 cb. : find 
the perpendicular distance of its longest side from the opposite corner. 

25. 'I'he perpendicular and base of a rigbt* angled triangle are 357 ft. 
and 476 ft. : find the area. 

26. ConQpare the area of an equilateral triangle whose side is 5 ft. 
long with the area of a square whose diagonal is 5 ft. 



IX.— ON IRUEGULAB QUADEILATEEALS. 

A quadrilateral is a figure bounded by four straight lines. 
Aju irregqlar quadrilateral is also called a trapezium 

A trapezoid is a q^adrilate^al having two sides parallel. 

(a) To find the area of any quadrilateral, the diagonsil and 
perpendiculars on it from the opposite comers being given. 

• Let ABCD be a trapezium having diagonal AC and perpendiculars on 
it from opposite corners Dd and Bft. 

Then the area of the quadrilateral ABCD equals the sum of the 
areas of the triangles ABC 
and ADC. 

Area of triangle ADC 
AGxBd 

2 
Area of triangle ABC 
ACx Bb 

2 
,*, Area of trapezium ABCD 

2 

KaLE. — Multiply the sum of the two perpendicnlan by one-half the 
diagonal 

(b) To find the area of a trapezoid, the lengths of the two 

parallel sides and the perpendicular distance between 
them being given. 

Let ABCD be a trapezoid 
having CB the diagonal and Do 
the ]ierj)endicular between tlie 
two parallel sides AB and DC. 

Then the area of the trape- 
zoid ABCD equals the sum of 
tbe areas of the triangles ADB 
^nd DGP, 
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^. . , .x^r. AB X Do 
Area of triangle ADB = 

CD X Do 
Area of triangle DCB = — 

.-. Area of trapezoid ABCD = -^ (AB + CD) 

Rule. — ^Xnltiply the lam of the two parallel lidei by one half the 
perpendiciilar diitance between them. 

(c) To find the area of a quadrilateral when the four sides 
and one diagonal are given. 

The diagonal divides the quadrilateral into two triangles, 
the areas of each of which can be found according to rule (Sect. 
VIII. (d)). The sum of the areas of these triangles will give the 
area of the quadrilateral. 

{d) To find the area of a quadrilateral, when the lengths of 
the two diagonals intersecting at right angles are given. 

Let ABCD be a quadrilateral whose diagonals 
AC and BD intersect at o at right angles. 

Then either of these diagonals may be 
regarded as the sum of the perpendiculars 
\?''' / from the opposite corners to the other diagonal. 

. A ATjnn ^C/r. _l i^ n AC X BD 
.•. Area ABCD = — (Do + Bo) = 

Rule. — Take one-half of the prodnot of the 
two diagonals. 



EXEBCISE IX. 

1. In a quadrilateral ABCD, the angle at A is a right angle the sides 
AD and BC are parallel ; AD is 76 ft., BC 30 ft., and the diagonal BD 
104 ft.: find the area. 

2. The area of a quadrilateral is 171| sq. in., the perpendiculars on a 
diagonal from the angles which it subtends being 9 in. and 9^ in. respec- 
tively : what is the length of the diagonal ? 

8. Find the area of a trapezoid the parallel sides of which are 
25 in. and 15 in., and the perpendicular distance between them 1 ft. 
4* Find the area of a trapezium ABCP, of which the sides are 
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AB 28 yds., BC 45 yds., CD 51 yds., and DA 52 yds., and the diagonal 
AC = 63 yds. 

5. Find the area of a trapezoid whose parallel sides are 110 ft. and 
95 ft, and the perpendicular between them 400 ft. 

6. FiDd the area of a field in the form of a trapezoid, the parallel sides 
being 300 Iks. and 240 Iks., and the perpendicular distance between them 
120 Iks. 

7. Find the area of a trapezium whose diagonal is 115 ft, and perpen- 
dicular on it from the opposite corners 84 ft. and 25 ft. respectively. 

8. Find the cost of a piece of ground, in the form of a quadrilateral 
whose diagonal is 2 ch. 50 Iks., and perpendiculars on it from the 
opposite corners 1 ch. 20 Iks. and 1 ch. 80 Iks., at Is. 4c?. per square yard. 

9. ABCD is a trapezium, of which the diagonal AC is 325 yds., AB 
= 123 yds., BC = 208 yd?., CD = 116 yds., AD = 231 yds. : find the 
area in acres, etc. 

10. Two sides of a garden are parallel to each other, and measure 25 ft. 
and 17 ft. respectively ; the shortest distance between them is 27 ft. : 
what will the rent be at M, per square yard ? 

11. The parallel sides of a piece of ground measure 856 Iks. and 
684 Iks., and their perpendicular distance is 985 Iks. : find the area. 

12. If the parallel sides of a garden are 65^ ft. and 49^ ft., and the 
perpendicular distance between them 56| ft, what did it cost, at £325 
10«. per acre ? 

18. The sides of a trapezium are 335, 426, 387, and 321 yds. respec- 
tively, and the angle contained by the first two sides is a right angle : 
find the area. 

14. ABCD is a quadrilateral ; AB = 48 ch., BO = 20 ch., and the 
diagonal AC = 52 ch., and the perpendicular from D on AC = 30 ch. : 
find the area. 

16. ABCD is a trapezium ; BC is parallel to AD, and AB, BC, and CD 
each equal 325 ft., and AD = 733 ft : find the area. 

16. The diagonals of a rhombus are 88 ft and 234 ft respectively : find 
the length of the side. 

17. The area of a rhombus is 354,144 sq. ft , and the diagonal is 672 ft : 
find the length of the side. 

18. ABCD is a field such that straight lines joininsc opposite comers 
meet at right angles at F, and the lines FA, FB, FC, FD, measure 83, 97, 
125, and 228 yds. respectively : find the area of the field in acres, etc. 

18. The sides of a quadrilateral field are as follows : AB = 200 Iks., 
BO = 650 Iks., CD = 905 Iks., and AD = 570 Iks., and the diagonal AC = 
800 Iks. : find the area of the field. 

90. Find the area of a trapezoid whose parallel sides are 72 ft and 
38§ ft, the other sides being 20 ft and 26§ ft 
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X.~ON POLYGONS. 

A polygon is a figure bounded by more than four straight 
lines. 

A regular polygon is one whose sides and angles are all 
equal. 

A regular pentagon is a regular polygon having five equal 
sides and angles. 

And so, hexagon, heptagon, octagon, nonagon, decagon, 
undecagon, and duodecagon are figures respectively with 6, 7, 8, 
9, 10, 11, and 12 sides. 

(a) To find the area of any regular polygon when the side of 
the polygon and the radius of the inscribed circle are 
given. 

Let ABODE be a regular polygon, having o the centre of the in- 
scribed circle and oR the radius. 

Divide it into as many triangles 

. D as it has sides, by drawing lines from 

>^V the centre o to each of the angles. 

^^— — ^^ Let n = number of sides, and 

v^^ ^^V r = radius of inscribed circle, and 

>^ ^^ 8 = length of side. 

^\/ \ /^ Then area of each triangle 

\/ \/ _ AB X oR 8 X r 

V 2 "" 2 

^ / .*. Area of all triangles 

\ / - ^ X g X ^ 
\J 2~ 

^y^\l .*• Area of polygon 

D n y. 8 X r 



Rule. — ^Xnltiply the perimeter of the polygon by half the radius of the 
insoribed eirde. 

(6) To find the area of a regular hexagon, the length of the 
side being given. 

Let ABCDEF be a regular hexagon, and o the centre of the circum- 
scribed circle. 
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Divide the figure into as many triangles 
as it has sides, namely six. 

Each of these triangles is equilateral. 
Let & =. length of &e side. 



Area of hexagon = — — x 
4 



6 = 



8i5V3 



HuLE. — ^Xnltiply the square of the side 
by one-half of the product of 8 into the 
square root of 8. 

Note. — One-half of the product of 3 into 
the square root of 3 = i x 3 x 1*732 
= 2-598. 
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(c) To find the length of the side of an equilateral triangle inscribed in 
a circle whose radins is given. 

Let ABC be an equilateral triangle in- 
scribed in the circle whose centre is o. 

Take D, E, F, the centres of the arcs 
AC, AB, and BC. 

Join AD, DC, CF, FB, BE, and EA. 

Then AEBFCD is a regular hexa- 
gon. 

Join oB, oC, and oF. Let oF cut BC 
in M. 

Then oM = MF = -^ 

oC 
= -(Euc.L) 




/. MC = VoC2 - oM2 = ^oC2 - ^ = fsj^-^ = i^CVS 
.-. BC = 2MC = 2 X ^oCVS = oCV3 
Rule. — Multiply the radini of the circle by the iqnare root of 8. 



(<2) To find the area of an equilateral triangle inscribed in a circle whose 
mdins is given. 

In the above figure let ABC be the equilateral triangle, o the centre of 
the inscribed circle, and oM the radius of the inscribed circle, and oC of 
the circumscribed circle. 

Then area of equilateral triangle ABC = perimeter x -^(Sect.X. (a).) 
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But perimeter = 3o0>/3 (Sect. X. (c).) 
^ oM oO 
and -r ~ ~r 
2 4 

/.Area of ABC = 3oCV3"x 7- = "^V3 
4 4 

Rule.— Mnltiply the iqnare of the radius of the ciroumsoribed circle by 
three-fourthi of the square root of 8. 

Note.— Three-fourths of the square root of 3 = | of 1-732 - 1-299. 

(«) To find the side of a regular duodeoagon inscribed in a circle whose 
radins is given. 

Let BO be the side of an equilateral 
triangle, BF the side of a regular hexagon, 
and FK the side of a regular duodecagon, 
inscribed in the circle BDFC. 

Let oO be given, it is required to 
find FK. 

Now PB = oC 

^ AndFL =^ = ?J(Euc.L) 




Also oU = oF2 - FL2 
oC2- 



= 0C2-— = — 

4 4 



/.oL= 2 

AgainLK = oK-oL = oC.?^=oc(l.^) = oc('-^) 
But FK = VFL2 + LK2 = /oC^ , 00^(2 ^ ^3)^ 

= y \/l + (2 - V3)2 = "2 VI + 4 - 4V3 + 3 

= ^ a/8 -~4V3 = - x/4(2 - V3) = ^ a/^ - ^3 

= oCy^2- V3 

BuLE.— -Multiply the radins of the circumscribed circle by the square 
root of (2 — Vs). 

Note.— The square root of (2 - VS) = V2 - l-7ii2 = V-268 = -5177. 
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EZEBCISE X. 

1. What is the area of a regular hexagon whose side is 9 in.? 

2. What is the area of a regular pentagon whose side measures 92 ft. 
6 in.y and the radius of the inscribed circle is 63 ft. 8 in. ? 

3. What is the area of a regular heptagon described about a circle of 
9 ft. radius whose side measures 8| ft.? 

4. What is the area of a regular hexagon of which each side is 30 ft. ? 

5. What will the paving of the floor of an octagonal room with marble 
cost at 48. 6c;?. per square foot, each side of which measures 9 ft. 6 in., 
and the nearest distance from one of its sides to the opposite side being 
22 ft. 11 in.? 

6. The radius of the circle is 1 ft. : find the area of a regular polygon 
of eight sides inscribed in the circle. 

7. Find the perimeter of a duodecagon inscribed in a circle whose 
radius is 2 ft. 

8. Find the perimeter of an equilateral triangle inscribed in a circle 
whose radius is 2 ft. 

9. Compare the perimeter of an hexagon with that of a duodecagon 
inscribed in a circle whose radius is 3 ft. 

10. Find the area of a regular hexagon inscribed in a circle whose 
radius is 50 ft. 

11. What is the length of the side of a regular duodecagon inscribed 
in a circle whose radius is 10 ft. ? 

12. What is the area of an equilateral triangle inscribed in a circle 
whose radius is 10 ft. ? 

18. What is the length of the side of an equilateral triangle inscribed 
in a circle whose radius is 5 ft. ? 



XL— ON IREEGULAR RECTILINEAL FIGURES. 
To find the area of any irregular rectilineal figure. 

Let ABCDEFG be any irregular figure. 

It may be measured by taking a diagonal AE. This line is called 
a haw line. From this base line take perpendiculars to the corners, ^6, 
gO, cC,/F, dD. These are called offsets. 

These measurements are entered by surveyors in a Field Bookf and 
are taken by the chain and entered in links. 

The Field Book is arranged in three columns. In the middle 
column, commencing from tne bottom, are entered the distances 
from the starting-station, measured on the base line of those 
points from which offsets are taken. In the right and left hand 
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columns respectively are entered the right and left hand 
offsets. 

The Field Book is used to record, besides these measured 

F 




lengths, various other particulars which may be useful in 
drawing a plan of any field or estate. 

In the above figure, if it be taken to represent a field, the 
entries would be made in the Field Book thus : 



To P 350 
To G 250 



To E. 

700 

600 

500 

350 

150 

100 
From A 



150 to D 
250 to C 



200 to B 
go east. 



The area would then be found thus : 

A p * • ^ K CL 150 X 250 
Area of triangle A^rQ- = 



= 18750 sq. Iks. 



350 



trapezoid gf^Q: = (250 + 350) x -— = 105000 



triangle F/E = 



triangle A6B = 



350 X 200 



100 X 200 



= ^35000 
= 10000 



250 



„ trapezoid 6BCc = (200 + .250) x ~- = 56250 
Carried forward ... 22500Q 
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Brought forward ... 225000 sq. Iks. 
Area of trapezoid cC(iD = (250 + 150) x -r- = 50000 „ 



. , ^^^ 100 X 150 
triangle (iDE = -~ 


Total 


7500 


282500 sq. Iks. = 2*825 ac. 


282500 


3-300 ro. 
40 






12-0 po. 
Ans. 2 ac. 3 ro. 12 


po. 






The same irregular figure or field might have been measured 
in a diflFerent manner, by p 

taking three base lines, ' c 

GF, fC, and CG, and at 

c in base line GF taking _ , , 

an offset to C, and at e and //\ \ / /'^ 

d respectively in base line 

FC taking offsets to E and H 

D, and similarly in base 

line CG taking, at h and a, 

offisets to B and A. _ 

If great accuracy is re- C 

quired in the measurement of a field, two different surveys are 
frequently made, when one serves to check the other. 

Frequently in actual land-surveying the areas of lakes or 
woods are required, when it is often impracticable to take base 
lines through the area to be surveyed. Then base lines must 
be taken surrounding the area, and insets taken from these base 
lines to the various points in the boundaries. It will be 
advisable to surround the area, as it were, with base lines 
forming a trapezoid. 

Suppose the figure on page 30 to represent a mere whose 
area is required. 

Take base lines AB, BC, CD, and DA. Let AD and BC 
be perpendicular to AB. Thus a trapezoid is formed. From 
the area of this trapezoid the necessary deductions must be 
made for the insets measured on the various base lines. 

On base lines AB, insets will have to be taken at 1, 2, 3, 4, 
and 5. At 4 the entry in the Field Book would be 0, as it 
touches the base line. 
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On base line BC, insets would be taken at 1, 2, 3, and 4. 
Tbe entries in the Field Book at 2 and 4 would be 0, as here 
again the boundary touches the base line. 






On base line CD, only one inset is needed at 1. 
On base line DA, at 1, in the Field Book, would be entered, 
and insets would be needed at 2 and 3. 
The Field B >ok would be entered thus : 





i To A 






760 




— (3) 50 


1 650 




— (2) 250 
-(1) 


• 300 




! 100 






FromD 


right angles to AB 




ToD 






1050 




— (I) 150 


, 800 
; From C 
: ToC 
900 




(4) 


750 




~(3) 75 


1 600 




(2) 


i 400 




— (1) 100 


250 






i From B 


right angles to AB 
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— (5) 250 
(4) 

— (3) 200 
-(2^ 76 

— (1) 100 



ToB 
950 
850 
650 
450 
250 
50 
From A 



go east 

The area would then be found thus : 

950 



Area of trapezoid ABOD = (750 + 900) x — = 783750 sq. Iks, 



Deductions on base line AB. 
_ . , , ^ 50 X 100 „^^^ 
Triangle (a) — = 2500 

.j/rx 175x200 .^.^ 
Trapezoid (J) — = 17500 

,. 275 X 200 „_,„ 
,. (c) ^ = 27500 

Triangle (d) ^^^^^ = 20000 

„ (e)i20|250 = 25000 

„ C/)-M^=_12500 

DeductiCjfas on base line BO. 
^ . 250x100 
Triangle (jg) :: = 12500 



W 



2 
350 X 75 



= 13125 



Deductions on base line CD« 
^. , ,^1050x150 
Triangle (t) ^ "^ 

Deductions on base line DA. 

Triangle W ^i^L^" = 68750 



Triangle (0 



2 
100 X 50 



= 2500 



105000 

25625 
78750 

71250 



280625 sq. Iks. 



Area = 503125 
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503125 sq. Iks. = 5*03125 ac. 
4 

•12500 ro. 
40 



5-000 po. 
Ads. 5 ac. ro. 5 po. 



EZEBCISE XI. 

1. Find the acreage of a field ABODE, the measurements of which 
are, AB = 280 Iks., BC = 450 Iks., CD = 270 Iks., DE = 250 Iks., BQ 
(a perpendicular on ED) = 380 Iks., and AG (being parallel to ED) 
= 630 Iks. 

Draw the plans and find the areas of the fields whose measurements 
are given in the following Field Books : — 



2. 


ToB 

600 




8. 


ToB 
1278 




To G 200 


560 




To E 116 


1094 




To F 150 


480 






944 


200 toD 




470 


150 to E 


ToP 90 


764 




To D 100 


380 






544 


154 to C 




100 


200 to C 


ToG200 


388 






From A 




To H 352 


248 
From A 




4. 






5. 


915 


144 




ToD 




200 


729 






538 






670 


100 


ToC 66 


400 




236 


543 






From B 


on left 




460 


183 




ToB 




192 


400 






629 






262 


115 


To D 295 


179 




304 


200 






From A 


go east 


220 




From 


172 


6. 








ToB 






ToB 




60 


380 


20 




2243 




4 


260 


100 




2000 




4 


180 


7 


To C 728 


1785 




60 


100 


10 




1000 




20 


80 


60 




560 


624 to D 







50 




From A 






From A 
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To A 








( 


ToE 






250 






1125 




60 


200 




ToD 260 


750 






From C 






625 


250 to 




'Jo C 




To B 230 


300 






390 






From A 






200 


40 








100 


30 











10 








From B 










To B 






560 




11. 






100 


30 




ToB 













1314 


126 


10. 


From A 


go N.W. 


234 


1005 
980 

785 


52 
125 




ToB 




312 


700 




70 


959 






555 


152 


24 


785 


100 


215 


460 




68 


676 






335 


100 


66 


564 




336 


260 






508 


160 


360 





232 


95 


463 






From A 


go east 





350 
232 


130 






56 


132 
From A 


1 






12. 






18. 






Too 






ToB 






600 


80toH 




600 




To F 140 


560 




To G 140 


560 




To E 150 


480 




To F 150 


480 






470 


200 to D 




470 


170 to E 


To C 100 


380 




ToD 50 


380 






100 


150 to B 




100 


150 to 




From A 




From A 






14. 














ToD 















750 




80toE 






ToC 


360 


680 
350 




420 to F 






ToB 


250 



200 
000 















From A 
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15. Find the area from the following Field Book of a wood whose 
measurements must be taken entirely from the outside. 



go at right angles to CD 





To A 




300 




From D 




ToD 




. 800 


Toife 


550 


To i 100 


450 


To^ 


350 




From C 




ToC 




750 


Tog 50 


500 


To/ 


300 


Toe 100 


200 




From B 




ToB 





900 


To d 200 


750 


Toe 


600 


To h 


450 


a 150 


350 




From A 



go at right angles to CB 



go north 



go E.S.E. 

16. ABODE is a five-sided field, and the an^xles at B, C, and D are 
right angles. AB = 20 ft., BC = 18 ft., CD = 32 ft, and DE = 13 ft. : 
find the length of the remaining side and the area of the field. 

17. ABCD is a quadrilateral field. AB measures 48 eh., BC = 
20 ch., AC = 52 ch., nnd the perpendicular from D on AC = 30 ch. : 
find the acreage of the field. 

18. In a five-sided enclosure ABODE, the following measurements are 
taken in chains : AB = 14, BC = 7, CD = 10, DE = 12, EA = 5, 
AC = 17 ; the angle at E is a right angle : find the area of the 
enclosure. 



XII. ON SIMILAR EECTILINEAL FIGURES. 

(a) Triangles. 

Triangles are similar when — 
(i.) They are equiangular; or, 
(ii.) They have their sides proportional. 
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Lot ABC and DEF be two similar triangles. 

Then AB : BC : : DE : EF. 
And AC : AB : : FD : DE, etc. (Euc. VI.) 

F 



/^ 




If, therefore, two sides of one triangle be given, and one corresponding^ 
side of a similar triangle, the other corresponding side can be found. 

Let AB = 5 in., BO = 4 in., and DE = 8 in. 

8x4 
Then 6 : 4 : : 8 : EP .-. EF = — — = 6| in. 

o 

Let ABC and DEF be two similar triangles. 

Then area ABC : area DEF : \ AB2 : DE2 

Or „ „ ::AC2:DF2 

Or „ „ ::BC2:EF8 

That is, areas of similar triangles are proportional to the squares of 
like sides. 

Thus, if area ABC = 27 sq. in., and AB = 16 in., and DE = 24 in., 
the area of DEF can be found. 

For 15» : 242 : : 27 sq. ins. \ \ area DEF. 



Area DEF = 



27 X 24 X 24 27 x 8 x 8 



15x15 



25 



= 6912 sq. in. 



(5) Bectilineal figures and polygons. 

Polygons and rectilineal figures are similar when-^ 
(i.) They are equiangular ; and, 
(ii.) They have their sides proportional. 

D 
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Let ABODE and FGHKL be two similar rectilineal figures. 
Then AB : BO : : FG : GH 
And BO : OD : : GH : HK, etc. (Euc. VI.) 
Also area ABODE : area FGHKL : : AB2 : FG* 

Or „ „ ::bc2:gh2 

Or as the squares of any two corresponding sides. (Euc. VI.) 

Example. — The base of an isosceles triangle is 140 : find the length of a 
line parallel to the base which will divide the triangle into two equal parts. 

Let ABO be an isosceles triangle, and DE be the line parallel to the base 
BO, dividing the triangle into two equal parts. 

It is required to find the length of DE. 
Area of ADE = J area ABO. 
But area of ABO : area of ADE : : BO* : DE». 
.-.2:1:: HO^ : DE« 

140« 
.-. DE« = -— 

140 140 \/2 
.•.DE= — = :i2^ = 70V2 Ans. 
V2 2 

Tkii shows that a line drawn parallel to the 
_ base of a triangle equal to half the base mtUti' 
Q plied hij tlte square root of 2, divides the triangle 
into two equal parts. 

EXEBCISE XII. 

1. The sides of a triangle are 42, 40, and 37 : find the sides of another 
triangle similar to the first, but four times the area. 

2. Divide a triangle ABO by a line DE parallel to AO into two parts 
proportional to the numbers 8 : 9. 

8. One of the sides of a field is 420 Iks. : compare its surface with that 
of a similar field whose corresponding side is 280 Iks. 

4. A triangle whose base is 156 ft. is to be divided into two parts by 
a line parallel to the base, so that the upper part shall be to the lower as 
2:3: what will be the length of the line ? 

6. One side of a field of 40 ac. measures 606 Iks., and is represented in 
a plan by a line 2| in. long : what surface is occupied by the plan ? 

6. Divide a triangle whose base is 27 yds. into three equal parts 
by lines drawn parallel to the base: what must be the length of the 
lines ? 

7. What is the scale to which the plan is drawn if 1 sq. in. repres^ts 
1 sq. yd. ? 

8. What is the scale to which a plan is drawn when 1 sq. ft. repre- 
sents 10 ac. ? 

9. The sides of a rectangle are as 2 : 3, and the area is 210 sq. ft.: 
find the sides. 
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10. An upright staff of 5 ft. in length casts a shadow of 4 ft. : find the 
height of a church spire whose shadow is 92 ft. 

11. The sides of a triangle are 9, 10, and II : find the area of a 
triangle cut off hy a line parallel to the longest side and equal to one- 
third of it. 

12. A field containing 20 ac. is represented on a plan l)y 1 sq. in. : 
determine the scale of the plan. 

18. The area of a quadrilateral is 2140^ sq. ft., and one of its diagonals 
is 63 ft. : find the area of a similar quadrilateral in which the correspond- 
ing diagonal is 61 ft. 

14. A square and a regular hexagon have the same perimeter : compare 
their areas. 

15. Suppose a map of England, according to a jscale of 20 miles to an 
inch, occupied a square foot: what space would it occupy allowing 26 
miles to an inch ? 



XIIL— SOLUTIONS OF A FEW PROBLEMS. 

Problem I. — Given the three sides of a triangle 24 ft., 16 ft., and 
10 ft., it is required to find (i.) the perpendicular on the base from the 
opposite angle, (ii.) the segments of the base, (iii.) the area of the 
triangle. 

Let ABC be the triangle, having BC = 24 ft, AC = 16 ft., and 
AB = 10 ft. ^ 

Draw AD, the perpendicular from 
A on BC. 

It is required to find (i.) AD, (ii.) BD 
and DC, (iii.) area of ABC. 

I.et BD = X. Then DC = 24 - a; 
V AD» = 102 - a;2 
Also AD« = 162 - (24 - xy » 

/. 102 - a;2 = 162 _ (24 - xf 
.-. 100 - a;2 = 256 - 576 + 48a; - a;2 
.-. 48x = 100 - 256 + 576 = 420 

.-. X = 8-75 
.-. BD = 8-75 and DC = 24 - 8*75 = 16-26 

Segments BD and DC = 8-75, 15-26 Ans. 
Again, AD2= 10* - 8-762 = (10 + 8-75) (10 - 8-76) 
= 18-76 X 1-26 = 23-4375 Ans. 
/. AD = ^^^5-9375 = 4-841 Ans. 

24 X 4-841 
Again, area of ABC = ^ = 58*092 sq. ft. Ans. 
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Problem II. — ^To divide a line into extreme and mean ratio. 
Let AB be the line. 



3 



It is required to find a point C so that AB : AC : : AC : CB. 
Let AB = a. Suppose AC = x. Then CB = a — a?. 
Then a: xllx: a^ x 

.•. 05* = a^ — ax 



.a . a /- 






.-. X -2" 2 2' 

Suppose it is required to divide a line 12 in. long into extreme and 
mean ratio. _ 

AC = ^(^/6 - 1) = 6(2-236 - 1) = 7416 
BC = 12 - 7-416 = 4-584 

Ans. 7-416 in. and 4-584 in. 

Problem III. — The parallel sides of a trapezoid are respectively 8 ft. 
and 14 ft.; two straight lines are drawn across the figure parallel to 
these, so that the four parallels are equidistant : find the lengths of the 
two straight lines. 

Let ABCD be the trapezoid, having AB = 8 ft., and DC = 14 ft. 

Draw EF and GH paral- 
lel to AB and CD and equi- 
distant. 

Draw AP parallel to BC. 
It is required to find EP 
and GH. 

— Now AG, OM, and MP 

P ^ are equal. 

Because AB = 8 /. PC = 8 /. DP = 6 
Now AG : AP : : EG : DP 

/. 1 : 3 : : EG : 6 /. EG = 2 
But EF = EG + GF = 2 + 8 = 10 ft. 
Again, AM : AP : : GM : DP 

.-. 2 : 3 : : GM : 6 .-. GM = 4 

But GH = GM + MH = 4 + 8 = 12 ft. 

Ans. 10 ft. and 12 ft. 

Problem IV. — The perpendicular from the rijrht angle of a right- 
angled triangle on the hypothenuse divides the triangle into two purts, 
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oDe of which is double the other : show that the perpendicular divides 
the hypothenuse in the ratio of 1 : 2. 

Let p = perpendicular on the hypothenuse dividing it into two parts, 
a and h. 

Let a = base of smaller triaugle. 

Let h = base of larger triangle. 

Area of smaller triangle = ^-— — 



Area of larger triangle = 



2 



But area of larger triangle = twice the area of smaller triangle. 
. V^^ ^ PX« X 2 
"2 2 

2 ^ 

/. I -2a 

.'. a : 6 : : 1 : 2 Ans. 



XIV.- MISCELLANEOUS EXERCISES. (See Easy Exercises 

IV., A AND B.) 

L 

1. Find the area of a rectangular field whose sides are 50} yds. and 
123 yds. 

2. A field is in the form of a trapezoid ; its parallel sides are 10 ch. 
30 Iks., and 7 ch. 70 Iks. ; the perpendicular distance between them is 
7 ch. 50 Iks. : find the acreage. 

8. What length of mattins; | yd. wide will be required to cover a 
room 39 ft. 6 in. long by 25 fr. 6 in. wide ? and find the cost at 4s. 6(^. a 
yard. 

4. How many plots of ground, each containino: 1 ro. 24 po., are there 
in a piece of ground whose area is half a square mile ? 

5. Find the length of the side of a square whose area is 0659664 
sq. yds. 

6» Draw the plan and find area of — 

ToD I 
875 

760 325 to B 
To C 120 680 
To G 420 

280 265 to F 
To B 210 150 

From A go north 
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11. 

1. Find the area of a rhomboid whose base is 23 ft. 8 in., and height 
16 ft. 9 in. 

2. A ladder 25 ft. long stands upright against a wall : find how far the 
bottom of the ladder must be pulled out from the wall so as to lower 
the top one foot. 

8. A rectangular court is 20 yds. longer than it is broad, and its area 
is 4524 sq. yds. : find its length and breadth. 

4. The area of a triangle is 5 ac. 3 ro. 5*12 po., and its perpendicular 
distance measures 826 Iks. : what will be the expense of making a ditch 
the whole length of its base at 2«. 6d. for 7 yds. ? 

5. How many poles of fencing are required to enclose a square park 
containing 832 ac. 2 ro. 25 po. ? 

6. A roll of carpet containing 30 yds., and which is 30 in. wide, will 
just cover a room 16 ft. long. : find the breadth of the room. 

in. 

1. The two diagonals of a rhombus are 50*4 and 37*8 : find the Fide 
and the area. 

2. What length of carpet | yd. wide will cover a floor 24 ft. 10 in. by 
16 ft. 6 in. ? 

8. The cost of planting an hexagonal field at £5 10s. an acre was 
£7 158. 1\d. : find what would be the cost of fencing it round with iron 
railing at 2«. ^d, a yard. 

4. A rectangular garden contains 1200 sq. yds., and the length is to 
the breadth as 4 : 3 : what will the fencing cost at Ss. 6c2. a yard ? 

6. Find the area of a triangle whose sides are 25 ch., 20 ch., and 15 ch. 

6. Draw a plan and find the area of the following field : — 

ToB 
1310 130 

230 1000 



310 

220 

330 
360 



780 
700 
550 
460 
330 
260 

From A 

IV. 



50 
130 

150 

94 



1. How much paper f yd. wide will be required for a room 22 ft. long, 
14 ft. wide, and 9 It. high, if there be 3 windows and 2 doors each 6 ft. 
by 3 ft.? 
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8. Each side of an equilateral triangle is 1 ft. : find the height of the 
triangle. 

8. It costs £643 lOs. 9(1. to level and turf a square cricket-ground at 
9(f. a square yard : what will it cost to enclose it with an iron paling at 
7».6rf. ayard? 

4. Tlie sides of two squares measure 77 yds. 1 ft 9 in. and 7 yds. 2 ft. 
4 in. respectively : find the side of a square whose area is equal to their 
sum. 

5. A railway incline rises 100 ft. in perpendicular height to 4680 ft. 
of Imse : what is the length of the incline ? 

6. A pauel measuring 2 ft, 8 in. by 1 ft. 6 in. costs 298. per square 
foot: what would four such panels cost? 



1. The side of a square is 110 ft. : find the diagonal. 

2* A room is 34 ft. long, 18| it. wide, and 12 ft. high : find the expense 
of papering the walls at Is. 6c^. per square yard. 

8. A field containing one half-acre is laid down on a plan to a scale of 
1 in. to 20 ft. : find how much paper the plan will cover. 

4. A field in the form of a trapezium contains 16 ac. 3 ro. 8 po., the 
diagonal is 16 ch., and the perpendiculars are in the ratio of 14 : 10 : find 
the perpendiculars. 

5. A room measures 16 ft. by 21 ft., and is 11 ft. high. There is one 
door 7 ft. by 3 ft., and two windows each 8 ft. by 4 ft. : find the cost of 
papering with paper 2 ft. wide at 2\d, a yard. 

6. What would be the cost of flooring a triangular space whose base is 
21 ft. and perpendicular height 15 ft. at 8^c2. per square foot ? 

VI. 

1. A footpath gooR along two adjacent sides of a rectangle, one side is 
196 yds., the other 147 yds. : find the saving in distance made by proceed- 
ing along the diagonal instead of along the two sides. 

2. A country is 500 miles long: find the length of a map which 
represents the country on a scale of one-eighth of an inch to a mile. 

8. In a trapezium ABCD, if AB = 345 yds., BC = 156 yds., CD =:: 
323 yds., and DA = 192 yds., and the diagonal AC = 438 yds. : find the area. 

4. The sides of a triangle are 25 ft, 51 ft., and 74 ft : find the sides of 
a similar triangle whose area is 2133J sq. ft. 

5. ITie area of a square cricket-field is 9 ac. 3 ro. 816 po. ; a running- 
path 3*9 yds. wide is constructed close to the boundary of the field, at a cost 
of 4fl?. per square yard, and the remainder of the field is laid down in turf 
at the cost of 58. 6d per 100 sq. yds. : find the total cost of preparing 
the field. 
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6. A vessel is found to be 130 miles north-east of a port ; after sailin^r 
due west for 80 miles, she is exactly north of the port: find what 
distance she is now from the port. 



VII. 

1. A room is 18 ft. 6 in. long and 11 ft. 3 in. wide : find the expense 
of carpeting the room, supposing the carpet to be 30 in. wide, and to cost 
6«. per yard. 

2. Each side of a rhombus is 24 ft., and one of the diagonals also is 
24 ft. : find the area. 

8. The plan of a field containing 5 ac. 3 ro. 20 po. covers 26 sq. in. 
of paper : what is the scale to which the plan has been drawn ? 

4. The area of a square field is 3 ac. 1 ro. 38 po. 20^ sq. yds. : find 
the size of a rectangular field whose length and breadth exceea a side of 
the square field by 390 yds. and 65 yds. respectively. 

5. What would be the cost of painting the walls of a room 33^ ft. 
long, 24 ft. broad, and 12 ft. high, at l\d. a square yard ? 

6. ABC is a triangle, and AD the perpendicular from A on BC : if 
AD = 13 ft., and the lengths of the perpendiculars from D on AB and 
AC be 5 ft and lOf ft. respectively, find the area of the triangle. 



VIII. 

1. The distance between two towns is 31 miles, and the distance 
between them on a map is 7| in. : find the scale to which the map is drawn. 

2. Find the cost of carpeting a room 18 ft. 9 in. by 17 ft. 6 in., width 
of carpet 2 ft., and price 4«. 9d a yard. 

8. Find the side of an equilateral triangle whose area cost as much 
paving at 9(1. a square foot as palisading the three sides at 15«. a yard. 

4. A square and an equilateral triangle have the same area : compare 
their perimeters. 

5. A triangular field contains exactly one acre of land, and its per- 
pendicular measures 40 yds. : find the length of the base. 

6. Draw the plan and find the area of the following field whose 
measurements are — 

ToB 

1020 

To G 350 705 

580 70toF 

435 320 to E 

ToD 50 410 

130 470 to C 

From A 
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IX. 

1. A room is 18 ft. 6 in. long, and 11 ft. 3 in. wide, and 10 ft. high : 
find the area of the four walls. 

2. The sides of a triangular field are 350 yds., 440 yds., and 760 yds. ; 
the field is let for £26 5^. a year : find at what price per acre the field is 
rented. - 

8. The area of a rhombus is 354144 sq. ft., and one diagonal is 672 ft. : 
find the other diagonal ; also the length of the side. 

4. Find the area of a regular hexagon, each side of which is 20 ft. 

6. A ladder 60 ft. long reaches a point in a wall 30 ft. high : how far 
is the foot of the ladder from the bottom of the wall ? 

6. Draw the plan of the field whose measurements are the following, 
and find the area : — 



50toE 





, ToG 




1020 


To F 470 


990 




610 


To D 320 


685 


ToC 70 


440 




315 




From A 



350 to B 



1. A rectangular grass-plot is 160 ft. long, and 100 ft. broad ; a gravel 
walk 4 ft. wide surrounds the grass-plot : find the area of the walk. 

2. Suppose the carpet in a room 25 ft. long at 5». a square yard to 
cost £6 58. : find the breadth of the room. 

8. The diagonals of a rhombus are 64 yds. and 36 yds. : find the area 
and cost of tu^ng at 4c2. a square yard. 

4. Find the side of an equilateral triangle whose area is 5 ac. 

5. The difference between the diagonal and the side of a square is 
5 ft. : find the length of the side. 

6. Draw the plan of the following field and find the 

ToB 
600 
560 
480 

470 170 to E 

380 

100 150 to C 

From A 



To G 140 
To F 150 

ToD 50 
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BOOK II. 



XV. -ON THE CIKCLE. 

Definitions. 

A circle is a plane figure bounded by one line called the 
circumference, and is such that all lines drawn from a point 
within it called the centre to the circumference are equal. 

A chord is a straight line pass- 
ing through a circle terminated 
on both sides by the circum- 
ference, as AB. 

The chord which passes through 
the centre is the greatest chord in 
a circle, and is called the diameter, 
as CD. 

An arc is the part of the cir- 
cumference cut off by a chord 
as AEB. 

A chord of half an arc is a 
chord which bisects a given arc. 
Thus BE is the chord of half the arc AEB. A chord divides a 
circle into two segments. 

A segment of a circle is the part of a circle bounded by 
a chord and the arc cut off by the chord. Thus the figures 
AFB and AEB are segments. The height of the arc is the 
perpendicular distance of the centre of the chord to the arc, 
asPE. 




XVI.— ON THE KADIUS AND DIAMETER OF A 
CIRCLE. 

The diameter equals twice the radius. 

Let r = radius, and d = diameter. 

d 
Then d «= 2r, and r = - 
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EZEBCISE XIIL 

1. Find the radios of the circumscribed circle about a square whose 
side is 6 ft. 

2. Find the radius of the circumscribed circle about a right-angled 
triangle whose base is 4 ft. and perpendicular 10 ft. 

8. Find the radius of the inscribed circle in a regular hexagon whose 
side is 3 ft. 

4. Find the radius of an inscribed circle in an equilateral triangle 
whose side is 4 ft. 

6. Find the radius of a circumscribed circle around an equilateral 
triangle whose side is 4 ft. 

6. The perimeter of a square is 24 ft. : find the radias of its circum- 
scribed circle. 

7. The diameter of a circle is 12 yds. : find the area of the inscribed 
square. 

8. What is the radius of the circumscribed circle about a right-angled 
triangle whose hypothenuse is 17 ft. 

9. Find the area of a square inscribed in a semicircle whose radius 
is 6 ft. 

XVn.— ON CHOEBS OF CIECLES. 

{a) A diameter which cuts a chord at right angles bisects 
the chord. 

Let the diameter AB cut the chord CD 
fll right angles in P. 

Then CP = PD (Euc. III. 3.) 

ijb) If two chords cut one another, then 
the rectangles contained by the 
segments of the chords are equal. 

Let the chords AB and CD cut one 
another in P. 

Then rectangrle AP.PB = rectangle 
CP.PD (Euc. IIL 35.) 

((*) To find the chord of an arc when the height of the 
segment and the diameter are given. 

Let CBD be the arc of the segment, and PB = height* 
It is required to find CD. 
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Let AB = (?, PB = /^ 

/. AP = d - A 

From (ft) CP.PD = A P.PB /. CP2 = ;i(d - ^) 

/. CP = ^h{d^h) .-. CD = 2CP = 2^h(d^h) 
Rule.— From the diameter take the height of the arc, multiply the result 
by the height of the arc, then take twice the iquare root of the prodact 

{d) To find the chord of half the are when the radius of the 
circle and the height of the arc are given. 

Let CBD be the arc, PB the height, 
and oB the radius. 

It is required to find CB, the chord 
of half the arc CBD. 

Let oB = r, PB = h. 
:. AB = 2r, and AP = 2r - ^ 
/. CP = ^/h(2i^^^^ 

The triangle CBP is a right-angled 
triangle. 

/. CB2 = CP2 4- PBS 

/. CB= VCP2 4-"PB2 
/. CB = V/<2r-A)+A2 

= VA(2r-A + A) = jJM 




The same result may be obtained thus : 
AGP and CPB are similar triangles. 

/. CB : BP : : AB : CB _ 

.-. CB2 = AB X BP .-. CB = ^/2rh 

Rule.— Take the iquare root of twice the radius multiplied by the 
height of the arc. 

<e) To find the chord of half the arc when the diameter and chord of the 
whole arc are gif en. 
Let the chord of whole arc CD = C, and chord of half the arc CB = c. 
Then c = ^/2rh .\ c^ = 2rh (i.) 

But 2r = d, /t = r - oP, and oP = VoC^ - CP2 = ^ r^ - ^ 
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Substitute these values of 2r and h in (i.). 



Then <? = 2rA = (^ x i!l - ( V^^-:_C*) 

Rule. — ^Take the square root of one-half the diameter multiplied by 
the differenee between the diameter and the square root of the difference 
of the squares of the diameter and the chord of the whole arc. 

{See Easy Exercises VII.) 

EXEBCISE XIV. 

1. The chord of an arc is 15 in., and the diameter of the circle is 
20 in. : find the chord of half the arc. 

2. The chord of an arc is 12 yds., and the chord of half the arc is 
19^ ft. : find the diameter of the circle. 

8. What must be the radius of a circle in which a chord of 15 in. is 
5 in. from the centre ? 

4. The chord of an arc is 20 ft., and the chord of half the arc is 30 ft. : 
find the diameter. 

6. Find the radius of a circle in which two parallel chords of 6 in. and 
8 in. are 1 in. apart. 

6. The chord of an arc is 24 ft., and the diameter is 25 ft. : find the 
height of the arc. 

7. In a circle whose diameter is 20 ft., a chord of 12 ft. is inscribed : 
find the heights of the arcs. 

8. The chord of an arc is 20 ft., and the height of the arc is 4 ft. : find 
the diameter of the circle. 

9. The chord of half an arc is 12 in., and the diameter of the circle is 
36 in. : find the chord of the whole arc. 

10. Find the distance from the centre of the circle of a chord whose 
length is 30 ft., in a circle whose radius is 20 ft. 

11. The height of the arc is 12 in., and the chord of half the arc is 
36 in. : find the diameter of the circle. 

12. In a circle whose diameter is 5 ft. 4 in. the chord of the arc is 
20 in. : find the chord of half the arc. 

18. In a circle whose diameter is 540*8 the height of an arc is 20*8 : 
what is the height of an arc double the size ? 

14. Find the radius of the circular arch of a bridge whose span is 
120 ft., and height of arch 12*5 ft. 

15. In a circle whose diameter is 113, if the chord of an arc is 15, what 
is the chord of twice the arc ? 
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XVIIL~ON THE CIRCUMFERENCE OF CIRCLES. 

{a) To find the ratio of the circiimference to the diameter. 

It has been shown in Section X. that the side of a regular hexagon 
inscribed in a circle equals the radius. 

Therefore the chord of one-sixth of the circumference equals the radius. 

If, then, the diameter = 2, the radius = 1, and the chord of the sixth 
part of the circumference = 1. 

Again, it has been shown in Section XVII. (e) that the chord of half 
an arc can be obtained from the chord of the whole arc and the diameter 
of the circle. 

If c is the chord of half the arc, and C is the chord of the whole 
arc, 

/. The chord of one-twelfth of the circumference when d = 2 can be 
found by making = 1. 

Let Cj = chord of one-twelfth of the circumference. 

/. Ci2 = ^ X 2{2 - (V 4^r7)} = 2 - VS" 

/. ci = \/2 - ^3"= -51763809 
Again, the chord of one twenty-fourth of the circumference may be 

found by making C = v^ "- Vs 

Let Cg = chord of one twenty-fourth of the circumference. 

/. Cgg = i X 2{2 - Qs/^ - (2 - Vd))} = 2 - (v/2 + V3) 

•;. C2 = \/2 - \/2 4- Va = -261052384 
Again, the chord of one forty-eighth of the circumference may be 

found by making C = V 2 — \/2 + aJ'^ 

Let Cg = chord of one forty-eighth part of the circumference. 

.-. cs* = i X 2J 2 - >v/4 - (2 ^v^^TTf)} 

= 2 - a/2 4-\/2 + V3 

/. C3 = \/2 - \/2 -h V'el^"'^ -130806258 

Now, if this successive bisection of the arc be continued, we shall 
ultimately reach a point when the chord of the very small arc will more 
and more nearly equal the len&th of the arc itself. 



Digitized by VjOOQ IC 



ON THE CIRCUMFERENCE OF CIRCLES, 



49 



By the continuation of the above method we obtain — 

The chord of the 96th part ofthe circumference when (^ = 2 = •06543816 
„ 192nd „ „ „ =-03272346 

and so on. 

The chord of the 12288th „ ,. „ =-0005113269 

,. „ 24576th „ „ „ = -0002556634 

Thus it is seen that the chord of half the arc is gradually approaching 
half the arc itself. 

In the last result the length of half the arc is the same as the half of 
the chord up to the tenth place of decimals. 

Therefore the length of the circumference when ei = 2 is 24576 X 
•0002556634 = 6-2831852. If (^ = 1, the circumference will = 3*1415926, 
which is the ratio of the circumference to the diameter true to the sixth 
place of decimals. 

This ratio is taken as 3*1416 : 1, which is slightly in excess of the 
true value, but gives a result sufficiently near for all practical purposes. 

The ratio 3*1416 : 1 may also be taken as 3f : 1. This is still more 
in excess, but for practical purposes gives a sufficiently correct result, as 
it is true to the one-thousandth part of the diameter. 

The ratio of the circumference to the diameter is reprcBented 
by TT. 

.-. TT = 3-1416, or ^^, or ^ 



The results obtained above 
may be represented geometrically 
thus : 

AB is the chord of the 6th part. 

AD „ „ 12th „ 

AE „ „ 24th „ 

And thns it will be readily seen 
that at each bisection of the arc, 
the length of the chord more 
nearly approaches the length of 
the arc itself. 

{b) To find the circTunference when the diameter is given. 

Let c = circumference, and d = diameter. 
Then c = c? x ir 

BtJLE.— Xvltiply the diameter by ir ; or, Xultiply twioe the raditu bj «* 

E 
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(c) To find the diameter, circTunferenoe given 



d X ir = c ,',d = - (i.) 



Again 2r x » = c /. r = ^ (ii.) 



BuLES I. — Biameter equali droomferenee divided by t, 
II. — ^Badiui equals circumference divided by dr. 

See Easy Exercises V. A and C. 



EXEECISE ZV. 

When ir = 3f, find the circumferences of circles whose diameters 
are — 

1. 15 ft. 2. 1 ft. 9 in. 8. 5 yds. 1 ft. 6 in. 4. 4 ch. 75 Iks. 

When w = 3*1416, find the circumferences of circles whose radii 
are — 

5. 20 in. 6. 3 ft. 5 in. 7. 450 yds. 8. 13 ft. 6 in. 

When n = 3J, find the radii of circles whose circumferences 
are — 

9. 10 ch. 10. 1 mile. 11. 100 ft. 12. 1-4 in. 

When T = 3*1416, find the diameters of circles whose circumferences 
are — 

18. 1 ft. 14. 1 fur. 15. 360 ft. 16. 4 in. 

17. The difference between the circumference and diameter of a circle 
is 20 ft. : find the radius. 

18. How often will a carriage wheel which is 3 ft. 6 in. in diameter 
revolve in going 1 mile ? 

19. The sum of the circumference and diameter of a circle is 20 ft. : 
find the radius. 

20. Compare the perimeter of a square and that of its inscribed 
circle. 

21. Compare the circumference of a circle with that of its inscribed 
hexagon. 

22. A boy can walk round a circle in 50 min. : how long would he 
take to travel along the diameter and back again ? 

28. It takes 15 min. to walk round a circular plantation at the 
rate of 3 miles an hour : what time would it take to walk across it through 
the centre? 
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S4. Two velocipedes have their driving-wheels 5 ft. and 4 ft. 6 in. 
in diameter respectively : suppose each has made a thousand revolutions, 
how far will one he ahead of the other? 

26. A locomotive engine is travelling at the rate of 46 miles an hour, 
and the diameter of the driving-wheel is 6 ft. : how many times will it 
revolve in 1 min. ? 

26. Compare the circumference of a circle whose radius is 20 ft. with 
that of the inscribed duodecagon. 



XIX.-~ON ABCS OP CIBCLES. 

{a) To find the angle at the centre subtended by an arc 
when the circumference and the length of the arc are 
given. 

Arcs are proportional to the angles 
they subtend (Euc. VI. 33). 
/. Arc AB : Arc AD :: i AoB : i AoD 
But the angles at the centre of the 
circle equal 4 right angles = 360°. 
/. Circumference of circle : arc AD 
::360°: i AoD 

, . _ Arc AD X 360° 

/. i AoD = — ;: T-r-r 

Circumference of circle 

BuLE.— Xultiply 860° by the lengrth of 
the are, and then divide by the len^ of 
the eironmferenoe. 

(h) To find the length of the arc when the circumference 
and the angle subtended by the arc at the centre are 
given. 

Let I = length of the arc, c = circumference, and AoB s the angle. 
Then c : arc AB : : 360° : i AoB 

/. Arc AB = r^— — 

360° 

BuLE.— Xnltiply the oireomferenee of the oirele by the nnmber of dintes 
in the angle, and divide by 860°. 
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(c) To find the magnitude of an angle at the centre sub- 
tended by an arc equal to the radius. 

Let Ao = radius, and AB = arc = oA 
= r. 

It is required to find £ AoB. 

Circumference of circle : arc AB : : 360° 

: £AoB. 

:.c:r:: 360° : i AoB 

, * T> 360° X r 360° x r 
/. I AoB = 




c 
180° 



2nr 



180° 



IT 31416 
= 57°-29577 
= 67° 17' 45" 

This is the magnitude of the angle in any circle which is subtended 
by an arc equal to the radius, and is taken for the unit angle and 
used for measuring the magnitude of other angles. 



It is important that the meaning of the symbol «* should be clearly 
understood. 

» always means 3'1416. 
But it may refer to— 

(i.) A circle, when it means the circumference is 3*1416 times the 
diameter. 

(ii.) An angle at the centre of a circle, when it means 3*1416 times 
57° ir 45" = 180° = 2 right angles. 

Siample I.— What is the magnitude of an angle whose circular measure 
is j? 

That is, what is the magnitude of an angle whose arc equals f of the 
radius. 

As 1 : i : : 5T it 45 : l required 

fJ70 -17' JLK" V *l 

.\ i required = \; ^ 42° 51' 18"73 Ans. 
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Szunple n. — What is the circular measure of an angle of 75** ? 
Now, the circular measure of 180° = 3-1416 = t 
/. 180° : 75° : : 3-1416 : circular measure of 75° 

75° V *?'1416 '5 
/. Circular measure of 75° = .lo = ,0 ^ 3X416 = 1-309 Ans. 

loU 12 

That is, the arc which an angle of 75^ subtends is 1*309 times the 
radius of the circle. 

Or 5T* 17' 45" is the angle which subtends an arc equal to the radius. 
And 75° is the angle which subtends an arc 1*309 times the radius. 



(d) The chord of an arc being given, and also the ohord of half the arc, 
to find the length of the aro. 

Let AC be the chord of the arc ABC, 

AB the chord of half the arc, and length of 

the arc = I. 

^, , SAB - AC 

Then/= 

o 

BuLE. — ^From eight times the chord of 

half the aro, subtract the chord of the 

irhxiit are, and take one-third. 

Note — ^This rule is not exacts but 
gives a very close approximation. For 
small angles the error is inappreciable. 
The proof of the rule requires a knowledge 
of mathematics beyond the limits of this 
work. 



EXEBCISE ZVI. 

1. The radius of a circle is 2 ft., and the length of the arc 15 in. : find 
the angle subtended at the centre by the arc. 

2. The radius of a circle is 10 in., and the length of the arc 20 in. : find 
the angle subtended at the centre by the arc. 

8. In a circle whose radius is 1 ft., find the angle at the centre sub- 
tended by an arc of 1 in. 

4. Find the angles whose circular measures are— (i.) |, (ii.) 1, 
(m.)J,(iv.)J. 

5. What are the circular measures of the following angles: (i.) 45°: 
(ii.) 150°, (iii.) 112° 30 ? 
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6. The chord of an arc is 36 in.» and the chord of half the arc is 19 in. : 
find the length of the arc. 

7. The chord of an arc is 18 ft., and the chord of half the arc is 12 ft. : 
find the length of the arc. 

8. If the chord of an arc be 24 ft., and the height of the arc 9 ft., find 
the length of the arc. 

9. How mahy inches long is an arc subtending an angle of 36^ at the 
centre of a circle, the radius of which is 2 ft. 4J in. ? 

10. Find the angle formed by the hands of a watch at 20 min. past 
3 o'clock. 

11. When between three and four o'clock, will the hands of a watch 
form an angle of 45° ? 

12. Find the angle at the circumference which is subtended by an arc 
of 10 in. in a circle whose radius is 10 in. 

13. Compare the radii of two circles in which an angle of 40° at the 
centre of one, and an angle of 60° at the centre of the other, subtend 
equal arcs. 

14. The chord of an arc is 6 in., and the radius of the circle 9 in. : find 
the length of the arc. 

15. What is the length of the arc when the chord of the whole arc is 
16 ft., and the height of the arc 6 ft. ? 

16. Find the number of degrees subtended by an arc of a circle whoso 
diameter is 18 ft., the length of the arc being 12 ft. 

17. The minute-hand of a clock makes an arc of 11 in. in ten 
minutes : find the radius of the face of the clock. 

18. If the radius of a clock-face is 7 in., what is the length of the 
area travelled by the minute-hand in 5^ minutes? 

19. The chord of an arc of a circle is 8 in. long, and is 2 in. from the 
centre : find the angle at the centre subtended by the chord. 

90. What is the circular measure of an angle in a regular pentagon? 

21. What must be the radius of a driving-wheel of an engine which is 
to revolve 10 times in travelling one-twelfth of a mile ? 

22. What is the magnitude of an angle at the centre subtended by an 
arc equal to one-half the radius ? 

23. Two chords of a circle AB and AC are 6 in. and 8 in. long respec- 
tively ; the radius of the circle is 5 in. : find the angle at the centre of 
which BC is the chord. 

24. If the chord of the whole arc of a circle is 8 in., and of half the 
arc 5 in., what is the radius of the centre ? 



Digitized by VjOOQ IC 



ON AREAS OF CIRCLES, 



5$ 



XX.— ON AEEAS OF CIRCLES. 



(a) To find the area of a circle, the circumference and radius 
being given. 

The area of a regular polygon mscribed in a circle has been shown to 
be equal to the perimeter multi- 
plied by half the radius of the 
Inscribed circle (Sect. X. (a)). 

Let < = side of polygon AB ; 
n = number of sides, and r = oP, 
the radius of the inscribed circle. 




Then area of polygon = —^-7— 

If the nimiber of sides be 
indefinitely increased, it follows 
that— 

(i.) The area of the polygon 
will ultimately equal the area of 
the circle. 

(ii.) The perimeter of the 
polygon will become the circum- 
ference of the circle; that is, 
n X s = c. 

(iii.) The radius of the inscribed circle will become the radius of the 
circle ; that is, oP = A = r. 

Hence area of circle = — r— 



Rule.— Xultiply the eireumferenee by the radius, and take one-half of 
the product. 

{I) To find the area of a circle, radius given. 

Area of circle = 

2 
But c = 2irr (Sect. XVIIL (5).) 

/. Area of circle = — - — = irr^ 



BuLE. — Xvltiply the square of the radius by ir. 
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(c) To find the area of a oirole, diameter given. 

Area of circle — »r2 

d 
Butr = - 

/. Area of circle = -— 
4 

Rn(.E.~]Ciiltiply the square of the diameter by one-fonrth of t. 

Note. — One-fourth of ir = '7854. 

(d) To find the area of a circle, circumference given. 

Area of circle = — - 
4 

Butc?=- 

/. Area of circle = ^-- = — 
4ir^ 4» 

KuLEt— Diyide the square of the circumference by four times n-. 

NoTB.--The fraction —= -07958. 
4ir 

Hence this rule becomes, Multiply the square of the circumference by 

•07958. 

(e) To find the radius, area being given. 

Now ht2 = area 

• • ' " V -^ 

BuLE.— Divide the area by w^ and then extract the square root. 

(/) To find the circnmference, area given. 

Now — = area 

4ir 
/. c* = area x 4ir 

.•. c = V area x 4ir = 2v'area x » 
Byi^E. — Take twice tl^e square roof pf the area multiplied b^ ir 
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(^) To find the diameter, axea given. 

Now - - ^ area 

4 

^ area x 4 

IT 

.... = 2^^ 
BuLE. — ^Take twice the square root of the area divided by i 
(A) To find the area of a circular ring. 

Let the radius of the larger circle 
oA = R, and the radius of the smaller 
circle oB = r. 

Then area of larger circle = irR^ 
Then area of smaller circle = icr^ 
:. Area of ring = irR* — irr^ = ir(R2 — r^) 
= i<R + r) (R - r) 

Rule. — Multiply the product of the 
sum and difference of the inner and 
outer radii by t. 

{See Easy Exercises V. B, D, E, F, 
AND G.) 




EZEBCISE XVII. 

When » = 3|, find the areas of the circles whose radii are — 

1. 42 ft. 2. I mile 8. 100 ft. 4. 80 ft. 

When » = 3*1416, find the areas of circles whose circumferences are — 

5. 90 in. 6. 3500 Iks. 7. 60^ ch. 8. 7600 yds. 

When IT = 3*1416, find the areas of circles whose radii are — 

9. 26 ft. 10. 992 ft. 11. I mile. 12. 3 ins. 

18. A road runs round a circular shruhbery ; the outer circumference is 
500 ft., and the inner 420 ft. : find the area of the road. 

14. The area of a circle is half an acre : find the circimiference in feet. 

16. The radius of a circle is 8 ft. : find the radius of another circle of 
half the area. 

16. Find the expense of paving a circular court of 40 ft. in diameter at 
2». Zd. per square foot. 

17. The side of a square is 18 ft. ; a circle is described round it : find 
the ^ea between the circle and the sc^uar^, 
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18. The area of a square is equal to that of a circle : compare their 
perimeters. 

19. The sides of a triangle are 30, 40, and 50 : find the area of a 
circle having the same perimeter. 

Find the radii of the circles whose areas are — 

20. 1 sq. mile. 21. 2 ac. 3 ro. 10 po. 

22. A cow, tethered, is allowed to feed on 2\ ac. of ground : how many 
yards long is the rope by which it is tied? 

28. A square field has an area of 5^ ac. : find the area of a circle having 
the diagonal for its diameter. 

24. A circular grass-plot contains 1760 sq. yds., and is surrounded by a 
gravel walk 10 ft. broad : find the area of the walk. 

26. The diameter of a circle is divided in the ratio of 1| : 2^, and circles 
are described on the segments as diameters : compare the area of the three 
circles. 

26. Find the number of grass sods, each 18 in. by 12 in., that will be 
required to cover a circular piece of ground 15 J ft. in diameter. 

27. A semicircular piece of ground whose diameter is 15 yds. is covered 
with carpet 2 ft. wide: what will it cost at 3s. 6(2. a yard, allowing 
11-6425 yds. for waste, and taking » = 3*1416. 

28. The perimeter of an equilateral triangle is equal to the circum- 
ference of a circle : compare their areas. 

29. Compare the areas of an equilateral triangle and a regular hexagon 
inscribed in a circle. 

80. A circular lawn is 2 ac. in extent, and the road round it is one-half 
an acre : find the width of the road. 

81. Two men bought a grindstone one yard in diameter : what part 
of the diameter may each man grind down ? 

82. A circular fountain 12 ft. in diameter touches the sides of a square 
plot within which it is situated : find the area of the remainder of the 
plot. 

88. A curbstone 15 in. broad is put to a well 7 ft. in diameter at a cost 
of 17«. 6c?. : find the price per square foot. ' 

84. The paving of a semicircular area with tiles at 2s, 6d. a square 
foot cost £10 : what was the length of the semicircular arc ? 

85. Find the cost of making a path 7 ft. wide round a circular ground 
whose perimeter is 352 yds. at 3». dd, per square yard (w = 3^). 



XXI.— ON ABEAS OF SECTORS OP CIECLES. 

A seotor of a circle is a figure bounded by two radii and the 
arc subtended by them. 
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In the circle AMBN the figures MoNA and MoNB are sectors. 

(a) To find the area of a sector, 
length of the arc and radios 
being given. 

Now, area of circle : area of sector 
: : circumference of circle : length of the 
arc (Euc. VI. 33). 

Let I = length of the arc, and r = 
radius. 

Then nr* : area of sector : : 2»r : Z 

I y. m^ Ir ^ 

,•. Area of sector = — r = -r •! 

2fcr 2 *^ 

KuLE.—lCiiltiply the length of the arc bj one-half of the radins. 

(Jb) To find the radius of the circle, the area of the sector and 
length of the arc being given. 

Ir 
Now ~ = area of sector 
2 

area of sector x 2 

•••'• = 'i 

Rule.— Xnltiply the area of the sector by two, and divide the product 
by the length of the arc. 

(c) To find the nnmber of degrees subtended by the arc of 
the circle, the area of the sector and the radius being given. 

Let N = number of degrees subtended by the arc. 

Then area of circle : area of sector \ \ 360° : N 
/. irr^ : area of sector : ; 360° : N 

Narea of sector x 360° 
_ , 

Rule.— Xnltiply 860° by the area of the sector, and divide the product 
by the area of the circle. 

{See Easy Exercises VI. A and B.) 

EXEBCISE XVin. 

1. The radius of a sector is 25 ft., and the length of the arc 8 ft. : find 
the area of the sector. 

2. The length of an arc of a sector is 8*6 in., and the radius 3 ft. 6 in. : 
find the area of the sector. 
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8. Find the area of a sector whose radius is 8 ft., and whose arc sub- 
tends an angle of 159^. 

4. Find the area of a sector whose radius is 21 ft., and the length of 
whose arc is 15 ft. 

5. In a circle whose radius is 12 ft., what must be the length of the arc 
so that the area of the sector will be 100 sq. ft. ? 

6. The area of a sector is 357 sq. ft., the length of the arc is 96 ft. : 
find the radius. ^ 

7. The area of a sector is 115 sq. ft., the area of the circle is 700 sq. ft. : 
find the length of the arc of the sector. 

8. Find the area of a sector the chord of whose arc is 6 in., and the 
radius of the circle 9 in. 

9. What is the radius of a circle in which a sector of 75° contains 
120 sq.ft.? 

10. The radius of a circle is 6 ft. : find the area of the sector and the 
length of the arc which subtends an angle of 115®. 

11. If the area of a sector be 20 sq. ft., and the radius of the circle 5 ft., 
find the number of degrees subtended by the arc of the sector. 

12. From each comer of an equilateral triangle whose side is 5 ft. 
sectors of a radius of 1 ft. are cut off: find the area of the remaining 
portion of the triangle. 

18. At each comer of a square of 4 ft. sectors are added of 1 ft. radius : 
find the total area of the figure. 

14. What is the area of a sector the chord of whose arc is 24 ft., and 
the height of the arc 6 ft. ? 

15. The difference between the areas of two squares inscribed and 
circumscribed about a circle is 338 sq. ft. : find the radius of the circle. 



XXII.-ON AEEAS OF SEGMENTS OF CIECLES. 

A segment of a circle is a figure 
bounded by a chord of a circle and 
that part of the circumference which 
the chord cuts oflF. 

In the circle AMBN the figures ABM 
and ABN are segments. 

(a) To find the area of a segment. 

It is evident that — 

(i.) Area of segment ABM = area of 
sector AoBM — area of the triangle AoB. 

(ii.) Area of segment ABN = area of 
sector AoBN 4- area of the triangle AoB. 
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BuLES I. — ^Area of the lesser segment equals the area of the lesser 
sector less the area of the triangle whose base is the chord of the segment 
and whose apez is the centre of the circle. 

II. — ^Area of the greater segment equals the area of the greater sector 
pins the area of the triangle whose base is the chord of the segment and 
whose apex is the centre of the circle. 

(b) To find the area of a cirele 
between two parallel chords. 

Let MN and PQ be two parallel 
chords in the circle APN. 

It is evident that the area between 
the two parallel chords equals the 
difference between the areas of the seg- 
ments PAQ and MAN. 

KuLE. — ^Take the difference of the 
areas of the two segments cnt off by the 
two parallel chords. 

EXEBCISE ZIZ. 

1. Find the area of the segment of a circle whose radius is 12 ft., and 
the chord of whose arc is 16 ft. 

2. Find the area of the segment whose chord is 22 ft., and height of 
segment 22 ft. 

3. Find the area of the segment whose chord is 40 ft., and chord of 
half the arc 25 ft. 

4. The radius of a circle is 20 in. : find the area of the greater segment 
cut off by a chord of 24 in. 

5. If the chord of a segment be 48 ft., and the height of the segment 
6 ft., what is the area. 

6. The diameter of a circle is 30 in. : find the area of a segment cut 
off by a chord of 24 in. 

7. The radius of a circle is 15 ft.: find the areas into which it is 
divided by a chord equal to the radius. 

8. The radius of a circle is 12 ft. ; two parallel chords are drawn on the 
same side of the centre, one subtending an angle of 60^ at the centre, and 
the other an angle of 90°: find the area of the belt between the chords. 

9. Find the greater segment cut off by a chord of 10 in. from a circle 
whose radius is 13 in. 

10. Find the area between two parallel chords of 6 in. and 7 in. 
respectively, lying on the same side of the centre in a circle whose radius 
is 5 in. 

11. If the centre of a circle whose diameter is 16 be in the circumference 
of a circle whose diameter is 30, find the area of the figure common to 
both circles. 
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12. Two parallel chords are drawn one on each side of the diameter of 
a circle whose radius is 1 ft. ; the chords are 9 in. and 15 in. respectively : 
find the area of the circle between the chords. 

18. Two equal chords of 3 ft. each are drawn from a point in the 
circumference of a circle, and contain an angle equal to two-thirds of a 
right angle : find the area of the circle (» = 3|). 

14. A circle is described about a square whose side is 6 yds. : what 
part of a square chain is the area between the square and the circle? 

XXIII.— ON THE AREA OF AN ELLIPSE. 

An ellipse is a figure formed 
by the projection of a circle on 
an inclined plane. 

Let AB'A'y be a circle, and 
ABA'6 any plane passing through 
its centre. Let perpendiculars be 
drawn from every point on this circle 
to this plane as B'B, h'h. The curve 
formed by the feet of these per- 
pendiculars ABA'6 is an ellipse. 

To find tbe area of an ellipse. 

Let A&OD be an ellipse. 
Let AO and ID be the major and minor axes. 

Draw the circle on the major axis ABiCDj. Drop parallel ordinates 

Bi&o, Ppoi, and V^^o^, 

From the properties of the ellipse, 
Poi : poj : : Pjo, : p^o^ : : Bjo : 6o 
: : Ao : lo. 

Let Ao = r, and ho = r^. 

If the ellipse and the circle be 
divided into an indefinite number of 
bands by ordinates such as B,©, Poj, 
etc., then the area of any one of the 
circular bands as PojoBj : to the area 
of the corresponding elliptical band 
jpOypb \ \ BjO ihoWrir^, 

/. Area of circle : area of ellipse 
! I r : rj 

.•. irr^ : area of ellipse \',r ir^ 

/. Area of ellipse = ^ = irrrt 

r 

Rule. — Xiiltiply the product of the sexnidiameters by ir. 
(/See Easy Exercises VIII.) 
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EXEBCISE ZX. 

1. Find the area of an ellipse whose axes are 34 ft. and 30 ft. 

2. Find the area of an ellipse whose axes are 30 ft. and 28 ft. 

8. The length and breadth of an ellipse are 24 ft. and 18 ft : what is 
the area ? 

4. What would be the cost of asphalting an elliptical space at Is. 6(£. a 
square yard, the two diameters being 28 ft. and 22 ft. respectively ? 

5. The cost of covering an elliptical space with carpet at 6«. 9(£. a 
square yard was £16 17«. 4d ; the major axis measured 28 ft. : what was 
the length of the minor axis? 

6. From an elliptical piece of paper whose diameters are 4 in. and 5 in. 
respectively, another ellipse is cut whose diameters are 2 in. and 3 in. : 
what is the area of the paper left ? 

7. Find the area of an ellipse whose diameters are 15*5 ft. and 35*5 ft. 
respectively. 

8. Two equal chords, 15 in. in length, are drawn from a point in the 
circumference of a circle, and form an angle equal to § of a right angle : 
find the area of the circle. 

9. The area of a sector being 125 sq. ft., and of the whole circle 
400 sq. ft. : find the angle of the sector. 

10. Compare the area of a circle whose diameter is 5 ft. with that of 
an ellipse whose conjugate diameters are 5 ft. and 4 ft. respectively. 

11. The largest possible ellipse is described in a rectangle whose sides 
are 10 ft. and 8 ft. : compare the areas of the ellipse and rectangle. 

12. What must be the minor axis of an ellipse so that the ellipse will 
be \ of the area of the circle described on its major diameter, which is 10 ft.? 



XXIV.— SOLUTION OF A FEW PROBLEMS. 

Problem I. — Given the three 
sides of a triangle, to find the 
radius of the inscribed circle. 

Let ABC be the triangle, 
whose sides are a, 6, and c. 

Let oa = radius of the in- 
scribed circle = r. 

Join Ao, Bo, and Co. 
Area of triangle ABC = area 

of triangles AoB + BoC 
. ^ c,r a ,r b.r 
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__ area of the triangle ABC 



Ans. 




Note. — ^If the area of the triangle be divided by one-half of the sum 

of the sides, the radius of the inscribed circle will be obtained. 

Pboblem II. — The radius of a circle 

is 10 in., and the angle of the sector is 

60^ : find the area of the segment. 

Area of circle = irr^ = 10^ x 3-1416 

= 314-16 sq. in. 

, ^ 60° X 314-16 
Area of sector = ^^ 

= 52-36 sq. in. 
The triangle AOB is equilateral 

,.AreaofAOB = ^-^f^ 

= 102 X -433 = 43-3 sq. in. 
/. Area of segment ABC = 52-36 — 43*3 
= 9-06 sq. in. Ans. 

Problem III. — Show that the area of a ring is equal to that of a circle 
whose diameter is a chord of the exterior circle touching the interior 
circle. 

Let BO = B = radius of exterior circle. 
QO = r = radius of interior circle. 

Let CD = chord of circle BCAD, which is also a tangent to the inner 

circle. 

It is required to prove that the area 
of the circular ring is equal to the area 
of a circle whose diameter is CD. 
BP = BO + OP = K + r 
AP = BO - OQ = R - r 
/. BP X AP = (R + r) (R - r) 
But BP X AP = CP. PD = CP2 
A (Euc. III. 35) (Sect. XVIL (6)). 
.-. (R + r) (R - r) = CP2 
Multiply by ir. 

Then ir (R + r) (R - r) = »CP2 
But ir(R + r) (R - r) = area of 
the ring (Sect. XX. Qi)). 

And irCP2 = area of ch-cle, radius 
CP (Sect. XX. (J)). 
, Area of the ring = area of circle whose diameter is CD. 
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XXV.— MISCELLANEOUS EXERCISES. 
(/See Easy Exeecises IX.) 

I. 

1. A gentleman bought a semicircular plot of ground for 500 guineas 
at £122 lOs. per acre: how much will the fencing cost at 5s. ^d, per 
yatd? 

2. If the radius of a circle is 25 ft., find the number of square feet in a 
sector whose arc subtends an angle of 157° 30' at the centre. 

8. The diameter of a circle is 12*191 in. : what is the length of an 
arc subtending an angle of 47° at the centre ? 

4. Find the area of a parallelogram A BCD, having given AB = 557 ft., 
BC = 665 ft., and CE (the perpendicular distance of the diagonal BD from 
C) = 532 ft. 

6. What is the area of an hexagon inscribed in a circle of 9 in. radius ? 

6. The base of a circular segment is 16 in., and the height is 3 in. : 
find the diameter of the circle of which the segment is a part. 

IL 

1. In a triangle ABC, AB = 340 ft., AC = 429 ft., and a perpen- 
dicular BD on AC divides AC into segments, of which DC is 21 ft. longer 
than AD : find BC. 

2. How many inches long is an are of 36° 47' at the centre of a circle 
whose radius is 2 ft. 4J in. ? 

8. A circus ring is 30 ft. across, and is carpeted for 22 ft. from the 
centre, leaving an outer ring of tan : what is the area of the tan ? 

4. A sector is cut from a circular plate of 3 ft. in diameter ; the angle 
of the sector measures 75° ; what is the area of the sector ? 

6. What is the length of carpet 3 ft. 6 in. wide, which will cover a 
room 18 ft. by 16 ft, so as to leave a space one foot wide all round the 
room? 

6. What will the painting of the walls of a room 15 ft. 6 in. long, 
14 ft. broad, and 12 ft. 6 in. high, cost at 5(?. per square yard ? 

III. 

1. The area of a quadrilateral field ABCD is 3*12 ac. ; the lines AE, 
CP, perpendiculars to the diagonal BD, are 420 Iks. and 180 Iks. respec- 
tively, and the side AB is 580 Iks. : find the lengths of BD and DA. 

2. One end of a string 14 ft. long is fastened to a stake, and a circle 
described with the other end: what will be the area of the circle? 

8. The radius of a circle is 2 ft. : what will be the area of a sector 
having its angle 20° ? 
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4. If the cost of paving a floor 12J yds. long by 6 yds. 4J in. wide 
with tiles 7 in, square be £70 17«. M,, find the price of the tiles per 100. 
6. The diameter of a circle is 12 ft. : find the area of a square inscribed 
in it. 

6. Draw the plan and find the area of a field from the following 
measurements : — 

ToF 
350 
300 
250 
225 
125 
100 
75 
From A 



ToE 
To D 120 

ToC 50 

To B 100 



150 to G 
120 to H 



go west 



IV. 



1. A circular piece of ground is 16 yds. in radius, and consists of a 
circular flower-bed surrounded by a gravel walk of imiform width, whose 
area is equal to half that of the flower-bed : required the width of the widk. 

2. If the chord of a segment be 48 ft., and the height of the segment 
6 ft., what is the area of the segment ? 

8. On opposite sides of a base, which is 120 yds. long, two isosceles 
triangles are drawn ; the height of one is double the height of the other, 
and the triangle that has the least altitude has a right angle for its angle 
opposite the base: find the area of the quadrilateral thus formed in 
acres, etc. 

4. Find the side of an equilateral triangle which cost as much to pave 
the area at Is. per square foot as to fence the sides at 6^. M, a foot. 

6. The radius of a circle is ^2 in. ; two parallel lines are drawn in it, 
each an inch from the centre : find the area between these lines. 

6. What will it cost to carpet a room 17 ft. 6 in. long by 14 ft. 9 in. 
broad with carpet 2 ft. wide at 58. 6d a yard ? 



1. The angle of a sector of a circle is 27^®, and the diameter of the 
circle is 27^ in. : what is the area of the sector ? 

2. How many feet in height is an isosceles triangle of which the base 
is 253 Id., and the area equ^ to that of another triangle whose sides are 
184 in., 165 in., and 157 in. respectively? 

8. Find the area of a circle traced on a sheet of paper by a pair of 
compasses whose legs are 6 in. long, and contain an angle of 120^. 

4. The diameter of a circular cricket-ground is 624 yds. : what would 
it cost to make a road round it on the outside 54 ft. wide at Qd, per 
square yard? 
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6. The perimeter of one square is 748 in., and that of another is 336 in. : 
find the perimeter of a square equal in area to the two. 

6. A rectangle is 8 ft. long and 7 ft. broad : find the area of a circle 
having the same perimeter. 

VI. 

1. A circle 71 ft. in circumference is divided into two segments in the 
ratio of 32 : 81 : what are the areas of the segments ? 

2. A rectangle is three times as long as it is broad, and its area is 
60 sq. ft. 27^^ sq. in. : find its dimensions. 

8. The radius of a circle is 10 ft. ; two parallel chords are drawn, each 
equal to the radius : find the area of the zone between the chords. 

4. A plan of an estate is drawn on a scale of 1 in. to 20 ft. : find what 
space on the map will correspond to 8000 sq. yds. of the estate. 

6. A ladder 25 ft. long stands upright against a wall : how far must 
the foot of the ladder be drawn out so as to lower the top half a foot? 

6. A regular polygon of 12 sides is inscribed in a circle of which the 
radius is 1 ft. : find the area of the polygon. 

VII. 

1. The area of a regular hexagon circumscribed by a circle is 122*3 sq. 
in. less than that of the circle : find a side of the hexagon. 

2. What length of rope will tether a goat in ^ ac. of grass? 

8. The cost of paving an elliptical courtyard was £23 2«. at 3s. 6c?. a 
square yard ; the minor axis measured 36 ft. : find the length of the 
major axis. 

4. The sides of a right-angled triangular field, including the right angle, 
are 357 ft. and 476 ft. : find the area of the field. 

6. A circle is 4 ft. in circumference: find the area of the square 
inscribed in it. 

6. Find the side of a regular hexagon which shall be equal in area to 
an equilateral triangle, each side of which is 150 ft. 

VIII. 

1. The area of an isosceles triangle is 56^ sq. in. ; each angle at the 
base is 45° : find the length of the base. 

2. The superficial ring containing the minute divisions on the face of 
a clock has lor its outer diameter 9*6 in., and for its inner diameter 
9*48 in. : what decimal of a square inch is the space occupied in each 
division ? 

8. An equilateral triangle and a square have the same areas : compare 
their perimeters. 

4. Find the cost of paving a quadrilateral courtyard whose diagonal is 
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85 ft., and the perpendiculars on it from the opposite comers 34 ft. and 
40 ft., at 68. a square yard. 

6. ABC is a quadrant of a circle whose centre is A ; the radius AB is 
7^ yds. : find the length of the arc. 

6. Find the rent of a square field whose diagonal is 7 ch. 15 Iks. at 
£2 58. per acre. 

IX. 

1. What is the area of a triangle ABC, its sides heing AB = 293, 
AC = 234, BC = 85? How far must the base AC be produced to meet 
BD, the perpendicular altitude ? 

2. The side of a square is 16 ft. ; a circle is inscribed in the square 
80 as to touch all its sides: find the area between the circle and the 
square. 

8. A circle and a square have the same perimeter: compare their 
areas. 

4. What will it cost to carpet a room 15 ft. 8 in. long, and 13 ft. 6 in. 
broad, with carpet 3 ft. 6 in. wide at 4«. 9d a yard ? 

6. Find the area of the segment of a circle, the angle of the sector 
being 30^ and the radius of the circle 10 ft. 

6. If the sides of a triangle are 26 in., 28 in., and 30 in., respectively, 
find the diameter of the circumscribed circle. 

X. 

1. The angle B in the triangle ABC is a right angle ; AB = 25, BC = 15 ; 
from a point I) in AC, a line DE is drawn perpendicular to AB, making 
AE = 18 : find the area of the triangle AED. 

2. Two unequal circles touch one another, the sum of their circum- 
ferences being 88 in. : what is the distance between their centres? 

8. The chord of a sector of a circle is 198, and the diameter is 280 : 
find the area of the sector. 

4. How much ground, in a semicircular garden, is enclosed by 249 yds. 
of fencing ? 

6. Two square fields jointly contain 6 ac., and the side of one is three- 
fourths as long as that of the other : how many acres are there in each 
field? 

6. One of the parallel sides of a trapezoid is 2 in. longer than the other, 
the perpendicular breadth is 7 in., and the area 66^ sq. in. : find the 
lengths of the two parallels. 
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BOOK III. 

XXVL— ON THE MEASUKEMENT OF SOLIDS. 

A solid is a body having three measurements or dimeDsions, 
length, breadth, and thickness. 

Table of Solid or Cubic Measure. 

12 X 12 X 12 = 123 = 1728 cubic inches = 1 cubic foot. 
3x3x3= 33= 27 cubic feet = 1 cubic yard. 

(a) The product arising from the multiplication of measure- 
ments of three dimensions may be found in several ways. 

(i.) By Fractions. 

Required the product of 3 ft. 9 in. by 2 ft. 8 iu. by 4 ft. 6 in. 
3 ft. 9 in. X 2 ft. 8 in. x 4 ft. 6 in. = 32 x 2| x 4J 

= yx§xf = 45 cub. ft. Ans. 
(iL) By Eeduction. 

The same example as before will be 

45 in. X 32 in. x 64 in. = 77760 cub. in. = 45 cub. ft. Ans. 

(iii.) By Duodecimals. 

Table of Duodecimals. 

12 cubic inches = jjj of a solid foot = one solid second. 
144 cubic inches = ^/^ or ^ of a solid foot = one solid prime. 
1728 cubic inches = one solid or cubic foot. 

The unit of volume is a cubic inch, which is a solid, measur- 
ing one inch in length, one inch in perpendicular breadth, and 
one inch in perpendicular height. 
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Thus ABCDEF is a solid or cubic inch, having AB, EC, 
and CD each one inch. 

12 of these cubes make one solid 
second. 

144 of these cubes, or 12 solid 
seconds, make a solid prime. 

1728 of these cubes, or 12 solid 
primes, make one cubic foot. 

A solid second, therefore, is a 
/o solid which measures 12 in. long, 
1 in. broad, and 1 in. high. 

A solid prime, therefore, is a 
solid which measures 12 in. long, 
12 in. broad, 1 in. high. 
And a solid or cubic foot measures 1 ft. long, 1 ft. broad, 
and 1 ft. high. 

Therefore the product of — 

Square inches x inches = cubic inches. 

Square inches X feet = solid seconds. 

Superficial primes x inches = solid seconds. 

Square feet x inches = solid primes. 

Superficial primes X feet = solid primes. 

Square feet x feet = cubic feet. 

Example.— Required the product of 3 ft. 9 in. by 4 ft. 6 in. by 5 ft. 4 in. 

ft in. 

3 9 

4 6 

15 = 3 ft. 9 in. x 4 ft. 
1 10 6 = 3 ft. 9 in. X 6 in. 



16 10 6 = 3 ft. 9 in. X 4 ft. 6 in. 
5 4 



84 4 6 = 16 sq. ft. 10' 6" X 5 ft. 
5 7 6 = 16 aq. ft. 10' 6" X 4 in. 

90 = 16 Bq. ft. 10' 6" X 5 ft. 4 in. Ans. 

(V) The quotient arising from the division of a measurement 
of volume by a measurement of length must give a measure- 
ment in area. 

Thus cubic inches -^ inches give square inches. 
Cubic feet -r feet give square feet. 
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Again, the quotient arising from the division of a measure- 
ment of volume by a measurement of area must give a 
measurement of length. 

Thus cubic inches -4- square inches give inches. 
Cubic feet -7- square feet give feet. 
The results, as in multiplication, are obtained in various 
ways. 

Eacample. — ^Bequired the quotient ohtained hy dividlDg 85 cuh. ft. 
696 cuh. in. hy 4 ft. 4 in. 

(i.) By Fractions. 

85^ -4- 41 = ma« cub. ft X ft ft. = ifi|i« sq. ft. = 19 sq. ft. 102 aq. in. Ans. 

(ii.) By Eeduction. 

85 cuh. ft 696 cuh. in. -*- 4 ft 4 in. = 147576 cuh. in. -*- 52 in. = 2838 sq. in. 
= 19 sq. ft. 102 sq. in. Ans. 

(c) The unit of volume is a cubic inch, and it has been 
found by actual experiment that such a cube of pure water 
weighs 2o2*458 grs. 

.'. One cubic foot of pure water weighs 252*458 grs. x 1728. 

But an avoirdupois pound weighs 7000 grs. 

* ^' ^ . . . . ^ 252-458 X 1728 „ 
/. A cubic foot of pure water weighs — — lbs. avoir. 

252-458x1728 x 16 ^^^,^ 

— ozs. = 997'! 3 ozs. 



7000 

This is so near 1000 ozs. that a cubic foot of water is generally con- 
sidered to weigh 1000 ozs., or 62| lbs. 

Again, by actual experiment, it has been found that a gallon of water 
weighs 10 lbs. = 7000 grs. x 10. 

But one cubic inch of pure water weighs 252*458 grs. 

/. Number of cubic inches occupied by one gallonl _ 10 x 7000 

of water /"" 252-458 

= 277-274 cub. ins. 
This result is so near 277J, tJiat a gallon of water is generally con- 
sidered to occu^ 277J cub. in, 

(See Easy Exercises X.) 

EXERCISE XXI. 

1. Find the cube of 2 ft. 8 in. 

2. Find the product of 54 J ft. by 5 ft. by 2 ft. 6 in. 

8. How many cubic inches are there in 22} cub. yds. ? 

4. How many cubic yards are there in 3} million cubic inches? 
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6. A vessel holds 15 gallons : what are its cubical contents ? 

6. A cistern holds 320 gallons of water : find its weight. 

7. How many cubic inches of water weigh a ton? 
JB. What is the weight of 1000 cub. in. of water? 

9. What is the volume of 1000 grs. of water ? 

10. Find the product of 6 yds. 2 ft. 7 in. by 3 ft. 4 in. by 2 ft. 11 in. 

11. Find the product of 12 sq. ft. 80 sq. in. by 2 ft. 7 in. 

12. Divide 155 cub. ft. by 5 ft. 4 in. 

18. Divide 241 cub. ft. 864 cub. in. by 5 ft. 9 in. 
14. How many cubic inches are there in a vessel which holds one and 
a half pints of water ? 

16. What weight of water will a vessel hold whose volume is 4J cub. ft. ? 

16. What quantity of water will weigh 1 ton ? 

17. A ton of sea-water measures 35 cub. ft. : what is the weight of a 
gallon of sea- water ? 

18. Find the volume in cubic inches of a pint of water correct to the 
fourth place of decimals. 

19. What is the weight of a bar of iron 8 ft. by 2 ft. by 3 in., its 
specific gravity being three times that of water ? 

20. What quantity of water will a vessel hold whose capacity is 
\\ cub. ft. ? 

21. Multiply 5-01 in. by 3*5 in. by -025 in. 

22. A vessel holds 1000 gallons of water : what is its volume ? 

28. What is the number of 3-in. cubes, which can be made out of a 
solid cube whose side is 1 ft. ? 

24. What must be the side of a cubical cistern to hold 600 gals, of water ? 



XXVII.— ON THE PARALLELOPIPED. 

Definitions. 

A parallelopiped is a solid bounded by six parallelograms, of 
which each opposite two are equal and in parallel planes. 




Fig. 1. 





A, prism is a solid whose sides are parallelograms, but whose 
ends are any rectilineal figure. 
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Thus prisms may be triangular, pentagonal, hexagonal, etc. 

Thus the figure ABCEG is a pentagonal prism, having its 
sides parallelograms, but its ends pentagons. 

Hence a parallelopiped is one form of prism having its ends 
also parallelograms. 

A rectangular parallelopiped is one whose six faces or bound- 
ing parallelograms are rectangles. Thus Pig. 1 is a rectangular 
parallelopiped. 




a 



A cube is a rectangular parallelopiped whose six faces are 
squares. 



(a) To find the surface of a rectangular parallelopiped. 

Let ABCEFG be a rectangular parallelopiped. 

Let AB = length = a, BO = breadth = ft, BH = height = L 



./I 


£ 


1 
1 

1 
1 
1 
! . 


H 




y^C 



B 

Then area of surface ABCD = ah ) 

„ GHEF = ah J 

„ BHCE = hh i 

„ ADFG = bh I 

„ „ ABHG = aAi 

„ „ DCEP = ah J 

/. Total surface = 2{ab-hbh + ah) 

BuLE.— Take the sum of the area of the fix faces. 
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(h) To find the surface of a cube. 

If the parallelopiped be a cube, 

Then AB = BC = BH = a 
Total surface = 2 (a^ + a^ + a^) = 6a2 

BuLE.—Multiply the square of the length of the lide by liz. 



(c) To find the volume of a rectangular parallelopiped. 

The solid may be considered as composed of thin laminae of 
the area of the base placed over one another to the height 
given. 

Let a = length, h = breadth, and h = height. 
Then area of base = ah 

/, Volume = ab X h 
In the parallelopiped ABCDEP, if the length AB is 8 units, and the 



E 



:zzz 




ZIZ 




breadth BC 3 units, and the height AF 3 units, it is evident that the 
volume = 8x3x3 cubic units = 72 cubic units. 

EuLE. — ^Find the continued product of the length, breadth, and height; 
oTy Multiply the area of the baie by the height. 

(d) To find the volume of a cube. 

If the parallelopiped be a cube, 

Then length = breadth = height = a 
,', Volume of cube = axaxa = a^ 

BuLE. — ^Take the cube of the length of the tide, 
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(e) To find the height of a parallelopiped, the area of the base and the 
volume being given. 
Let V = volume, and A = area of the base, and h = height. 



Now A X ^ = V 
Rule. — Divide the volume by the area of the hase. 



•••-I 



if) To find the area of the base of a parallelopiped, the volume and 
height being given. 

NowAxA = V •*-A=I 
Rule.— Divide the volume by the height. 

ig) To find the side of a oube, the volume being given. 
Let V = volume, and s = length of side. 
Now «• = V /, « = yST 
Rule. — Take the onbe root of the volume. 

{h) To find the diagonal of a cnbe» the 
aide being given. 

Let side of the cube BD = «. 
Then CD = diagonal of the base = « V2 
AD = diagonal of the cube 
.-. AD« = AC^ + CD^ = «2 + 2s2 = 382 

/. AD = «V^ 
Rule. — ^Multiply the side by the square root 
of 8. 

{Su Easy Exercises XI. A, B, and C. 




EXEBCISE ZXII. 

1. Find the volume of a rectangular parallelepiped 7 ft. 9 in. long, 4 ft. 
6 in. broad, and 2 ft. 3 iu. deep. 

2. Find the volume of a cube whose side is 15 ft. 4 in. 

8. Find the number of cubic feet in a room 11 ft. 8 in. long, 10 ft. 
5 in. wide, and 9 ft. 3 in. high. 

4. The area of the base of a rectangular parallelepiped is 1000 sq. in. ; 
its height is 1 yd. : find its volume. 

6. Find the weight of 8 fir planks^ each 6 ft. 6 in. long, 11^ in. wide.^ 
and 4 in. thick, at 33 lbs. the cubic foot. 
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tf. Find the length of the edge of a cuhe whose volume is 110 cnh. in. 

7. What weight of water, to the nearest cwt, will a rectangular cistern 
5 ft. 6 in. long, 5 ft. 6 in. wide, and 5 ft. 3 in. deep hold ? 

8. How many gallons of water will a rectangular cistern 9 ft. 9 in. long, 
4 ft. 6 in. hroad, and 3 ft. 5 in. deep hold ? 

9. Find the weight of a cubic fathom of water. 

10. A cubic foot of wood weighs 20 lbs. : find the weight of 10 planks, 
each 30 ft. long, 1 ft. wide, and 1 in. thick. 

11. What is the length of the edge of a cubical cistern which contains 
as much as a rectangular one whose edges are 154 ft. 11 in., 70 ft. 7 in., 
and 53 ft. 1 in. ? 

12. What is the weight to the nearest pound of the plating of an iron 
tank open nt the top, 27 ft. square at the base, aod 9 ft. high? The 
plating is ^ of an inch thick, and 4J per cent, is to be allowed for rivets 
and overlapping of plates. The iron to be reckoned at 480 lbs. the cubic 
foot. 

18. A piece of copper 1 ft. long, 9 in. wide, and | in. thick, is rolled 
into a plate 6 ft. long and 4 ft. wide : how thick will the plate be ? 

14. A cubic foot of copper weighs 560 lbs. It is rolled into a square 
bar 40 ft. long. . An exact cube is cut from the bar : what is its weight 
in pounds? 

16. Find the diagonal of a cube the edge of which is 12 ft. 

16. The diagonal of a cube is 15 ft. : find its edge. 

17. Find the total surface of a parallelepiped whose length is 9 ft. 5 in., 
breadth 3 ft. 5 in., and height 2 ft. 4 in. 

18. Find the surface of a cube whose side is 5 ft. 10 in. 

19. A cistern is partly filled and has 150 gallons of water in it : if the 
lungth of the cistern be 4 ft. and the breadth 3 ft., find the depth of the 
water. 

90. The three edges of a rectangular parallelopiped that meet in an 
angle are respectively 25 ft., 54 ft., and 160 ft. : find the side of a cube 
which has the same volume. 

21. A cube contains 11 cub. ft. 675 cub. in. : find the length of its 
edge. 

22. The contents of two cubes are respectively 5359*375 cub. ft. and 
5*359375 cub. ft. : find the difierence of the lengths of their edges in 
inches. 

28. The three edges of a rectangular parallelopiped are 3 ft., 2*52 ft.^ 
and 1-523 ft. : find its volimie. 

24. A cubical block contains 1 cub. yd. 2 cub. ft. 541 cub. in. : find 
the cost of covering its entire surface with lead at Is. 6(^. per square 
foot. 

26. A log of timber is 18 ft long, 18 in. broad, and 14 in. thick: if 
2\ solid feet be cut off the end of it, what length is left ? 
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96. How many gallons will a cistern hold whose length, breadth, and 
depth are 4 ft. 9 in., 3 ft. 6 in., and 2 ft. 9 in. respectively ? 

27. The diagonal of a cube is 5 ft. : find its volume. 

28. What depth must a cistern 7 ft. long by 4 ft. broad be to hold 
2500 gals, of water. 

29. Find the diagonal of a cube whose volume is 1000 cub. ft. 

80. What quantity of water will a cistern 4 ft. long, 3 ft. 6 in. broad, 
and 3 ft. deep hold ? 



XXVIIL— ON THE OBLIQDE PAEALLELOPIPED. 

An ohligue parallelepiped is one which has its edges oblique 
to the base ; that is, its faces are not rectangles. 

C D 

Thus ABCDEF is an oblique parallelepiped, and all its angles ABC, 
APE, EDO, etc., are either greater or less than right angles. 

{a) To find the surface of an oblique parallelopiped. 

It is evident that the total surface will be as in the case of 
the rectangular parallelopiped — the sum of the surfaces of its 
six sides. These sides will be rhomboidal in form instead of 
rectangular. 

Rule. — Take the 9niiL of the areas of the six faces. 

(&) To find the volume of an oblique parallelopiped. 

Let ABCDEG be an oblique parallelogram. 

It has been shown (Sect. VII.) that an oblique parallelogram is equal 
in area to a rectangle on the same base and having the same perpendicular 
altitude, so an oblique parallelopiped has the same volume as the rectangular 
parallelopiped on the same base and of the same perpendicular height. 

Thus the oblique parallelopiped ABCDEG has the same volume as 
the right parallelopiped FGCDEK, being on equal bases and of the same 
perpendicular height. 
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This may also be shown by taking a perpendicular section EKFH 
and placing the piece EGAFH thus cut off at the other end, DNBMC ; 
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Fig. 2. 

thus it is evident that the oblique solid ABCDEG is equal to the right 
solid FMCDEK. 

Rule. — Multiply the area of the base by the perpendicular height ; or. 
Multiply the area of the right section by the length of the parallelopiped. 

EXEECISE ZXIU. 

1. Find the volume of an oblique parallelopiped the area of whose 
base is a rhombus whose diagonals are 10 ft. and 8 ft., and perpendicular 
12 ft. 

2. Find the volume of an oblique parallelopiped whose length is 8 ft., 
and area of a right section is 12J sq. ft. 

8. The area of the base of a parallelopiped is 60 sq. in. its perpen- 
dicular height is 3 ft. : find its volume. 

4. The dimensions of a right section of an oblique parallelopiped are 
8 in. by 6 in., and its length 20 in. : find its volume. 

6. In Fig. 2 let AB = 20 in., FH =: 4 in., and FK = 6 in. : find the 
volume. 

6. What is the volume of an oblique parallelopiped the area of whose 
right section is \\ sq. ft., and whose length is 5 ft. ? 

7. The right section of a parallelopiped which is 6 ft. long measures 
1 ft. by \\ ft. : find its volume. 

8. The area of the base of an oblique parallelopiped is 3| sq. ft., and 
its perpendicular height 6 ft. : what is the area of the right section of the 
solid if its length is 8 ft. ? 

9. Find the perpendicular height of an oblique parallelopiped whose 
base is 1\ sq. ft. and length 5 ft., if the area of the right section is 
3 sq. ft. 

10. Find the volume of an oblique parallelopiped whose base is a 
rhombus with diagonals 5 in. and 8 in., and whose perpendicular height 
is 1 ft. 
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11. Find the volume of an oblique parallelopiped whose lepgth is 
10 in., and the area of whose right section is 15 sq, in, 



XXIX.— ON RIGHT PBISMS AND CYLINDERS. 

A cylinder is a solid which is bounded by a circular surface, 
and whose two ends are parallel. 

A rigM circular cylinder is one which has its axis perpen- 
dicular to the base, and its base a circle. 

Thus Fig. 1 is a right circular cylinder, having the axis OP 
perpendicular to the base, which is a circle. 



Fig. 1. 
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Fig. 2. 



E D 



The cylinder is produced by the revolution of a rectangle 
round one of its sides. 

Thus in Fig. 2 let ABCD be a rect- 
angle revolving round the side AD, then 
BC will trace the lateral surface, and AB 
and DC will trace the circular bases. 
AD is the axis of the cylinder, and DC the 
radius. 

A prism is a solid whose ends are of 
equal area and parallel, and whose sides 
are parallelograms. 

A right prism has its sides perpendicular 
to the ends, hence each side is a rectangle. 

Thus ABCDEFG in Fig. 3 is a pentagonal 
right prism, having each of its ends a pentagon 
and parallel to one another^ whilst the five sides 
are each rectangles. 




Fig. 3. 
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(a) To find the snrface of a right prism. 

It is evident that the total surface will be the sum of the 
area of the two ends and of the sides or faces. 
Let ABCDEF be a triangular prism. 
Let AB = d, BC ^ 5, AC = c, and the height BF = K 

Q Then the area of each end = V «(« "" <*) («" ^)(* "" ^) 

where s = 

2 
Area of face ABFE = all 
„ BFCD = hh 
„ „ ACDE = ck 




:. Total area = 2^s{% — a) (» — V) (» — c) 
+ /t(a + & + c) 

^ Rule. — Take the sun of the areai of the two ends and 
of the areas of the sides of the prism. 



Fig. 4. 



(&) To find the volume of a right prism. 

The solid may be considered as so many thin lamiuBB of the 
area of the base placed one over the other. 
In Fig. 4 let A = area of the base. 

Then volume = A x ^ 
KuLE. — Mnltiply the area of the base by the height. 

(c) To find the lateral surface of a right circular cylinder. 

Let A BCD be a right circular cylinder. Suppose it to be hollow and 



cX* 



SO 



cut open along the line jcy, and the surface then spread out. It is evidoait 
it would take the form of the rectangle xxyy. 
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HeDce lateral surface = xx x xy 

But XX = circumference = c 
Also xy = height = h 
,\ Lateral surface = c xh 
Let r = radius of the cylinder. 

Then c = 2wr 
.*, Lateral surface = 2irrh 

EuLE. — ^Multiply the oircnmferenoe of the cylinder by the height. 

(d) To find the total surface of a right circular cylinder. 

Total surface = area of ends + area of lateral surface. 
But area of each end = irr^ 
Also area of lateral surface = 2irrh 

/. Total surface = 2irr^ + 2irrh = 2nr(h + r) 

But 2»r = c 
/. Total surface = c(h + r) 

BuLE. — ^Knltiply the sum of the radios and height by the oircnmferenoe. 

(e) To find the volume of a right circular cylinder. 

The solid may be regarded as composed of many thin 
laminsd of the area of the base placed over one another to the 
height of the cylinder. 

/. Volume of cylinder = area of base x h 
But area of the base = irr^ 
.*. Volume = irr^h 

Rule.— Multiply the area of the base by the height of the cylinder. 

(See East Exercises XTL) 

EXEECI8E XXIV. 

1. Find the total surface of a triangular right prism whose sides are 

2 ft. 3 in., 1 ft. 5 in., and 1 ft. 5 in., and whose height is 1^ ft. 

2. Find the lateral surface of an hexagonal right prism^ each edge of the 
base being 2 ft. Z in., and the height 5 ft. 

8. Find the total surface of a right cylinder whose radius is 10 ft. 6 in., 
and height 2 ft. 4 in. 

4. Find the lateral surface of a right cylinder whose diameter is 8 ft. 

3 in., and length 6 ft. 8 in. 

5. Find the number of cubic feet in a stone column 12 in. in diameter 
and 12 ft. high. 

6. A well is 35 ft. deep, and has a diameter of 3 ft.: what iA its 
capacity ? 

o 
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7. A brewer's vat, cylindrical in form, holds 1000 gals, of water, and its 
diameter is 7 f c : find its depth. 

8. Find the surface of a right cylinder whose radius is 4 ft., and height 
100 ft. 

9. Find the volume of a right cylinder whose length is 8 ft. 10 in., and 
circumference 4 ft. 6 in. 

10. The diameter of a well is 3 ft. 9 in., and it« depth 45 ft. : what did 
the excavation cost at 78. Zd, per cubic yard ? 

11. Find the whole surface of an hexagonal right prism 25J ft. long, 
the central diagonal of its base being 2^ ft. 

12. Find the volume of a triangular right prism whose length is 5 ft., 
and the sides of whose base are 6 in., 8 in., and 10 in. respectively. 

18. A rod of iron, cylindrical in shape, is 42 ft. long, and its diameter 
is 1 J ft. : find its volume. 

14. What quantity of sheet iron is required to make a right cylinder 
2 ft. in diameter and 40 ft. long ? 

15. How many cubic yards were dug put in making a woU whose depth 
was 15 ft., and diameter 3 ft. 6 in. ? 

16. A circular shaft is 90 ft. deep and 3 ft. 9 in. in diameter : find the 
cost of sinking it at 14s. 6d a cubic yard. 

17. Find the total surface of a triangular right prism whose three sides 
are 10 in., 6 in., and 8 in., and whose perpendicular height is 15 in. 

18. A cylindrical mug is 16^ in. in circumference ou the inside, and its 
depth is 6*4 in. : how many pints will it hold? 

19. Find the total surface of a right cylinder whose height id 3 ft., and 
diameter 10 in. 



XXX.~ON OBLIQUE PRISMS AND CYLINDEES. 

An oblique jprtam is one whose lateral 
sides are not at right angles to tl^e 




Thus ABCDEKH Is an oblique ijrism, having 
its angles GBG, GBA, etc., each either greater 
or less than right angles. 

An oblique cylinder is one whose axis 
is not perpendicnlaF to the base. 

(a) To find fhe surface of an obliqme 
prism. 

It is evident that the total surface will be, as 
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in the case of the right prism, the snm of the areas of the two ends and 
of the area of the sides or faces. These sides or faces, iDstead of hemg 
rectangles as in the rectangular prisms, will be rhomhoidal in form. 

RuiiB.«*Add the lum of the areM of the two ends and of the area of 
the lidea of the prism together. 

(&) To find tlie volume of an oblique prism. 

It has been shown (Sect. XXVIII.) that an 
oblique parallelopiped is equal in volume to a right 
parallelepiped of the same perpendicular height, and 
by similar reasoniog it may be shown that an oblique 
prism has the same volume as the rectangular prism, 
having the same base and of the same perpendicular 
height. 

Thus the oblique triangular prism ABODE is of 
the same volume as the rectangular prism EDC^ 
upon the same base EDO, and having the same e 
perpendicular height Ea. 

EuLE,-**Hiilt^l7 the area of the heae hj tho 
perpendionlar height. 




(c) To find the lateral surface of an oblique cylinder. 
Let ABGD be an oblique cylinder. Suppose it to be hollow and cut 




open along the line xy^ and the surface then spread out. 
would take the form of the rhomboid xxyy. 

Hence latend sm*&ce = qbx y,xo. 

But XX = circumference of cylinder. 

Let xo = perpendicular height = h. 

.*, Lateral surface = c x ii 



It is evident it 



Digitized by VjOOQ IC 



84 LONGMANS' SCHOOL MENSURATION. 

Let r = radius of the cylinder. 

Then c = 2»r 
.*. Lateral surface = 2wrh 

Rule. — ^Mnlt^j the eironmferenee of the ejlinder hj the perpendienlar 
height 

(d) To find fhe total snrfaoe of an obliqna oylinder. 

Total surface = area of two ends + area of lateral surface. 
But area of each end = nr* 
Also area of lateral surface = 2nrA 

/. Total surface = 2irr2 + 2irr^ 
= 2»r(r+ h) 
But 2«r = c 
/. Total surface — c(r -^K) 

Rule. — ^Mnltiplj the sum of tho radios and height hj the t&xwmr 
ferenee. "^ 

{e) To find the yolnma of an obliqne cylinder. 

^ By similar reasoning as in the case of 

"^ ^g the oblique parallelopiped and prism, it 

^^ may be snown that an oblique cylinder has 
/ the same voliune as that of the right 
/ cylinder having the same base and the 
/ same'perpendicular height. 

/ Thus the oblique cylinder ABCD is of 

/ the same volume as the right cylinder 

f ARcd on the same base and having the 

same perpendicular height Ad 
.*. Volume of cylinder = area of the 
'"V ^ ^^^ ^ base x Ad 

Let r = radius of the base, and kd = h. 
:, Volume of cylinder = irr^ x A = wr*^ 

Rule. — Multiplj the area of the hase hj the pexpendievlar height. 

Note. — It wUl thus he seen that the rules for the Mique solids are the 
same as those for the rectangular solids, if hy height is always understood 
perpendicular height. 

(/) To find the volume of any obliqne solid, having given 
the area of a right section and its length. 

Take any oblique solid ABGDIEF. 

Take a section at right angles to its edges FGiHiD^Ki. Suppose 
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this wed^e-shaped solid thus cut off 
FGiHiDjIK to be placed at the other 
end of the prism F on A, G on B, H on 
C,etc. 

Because the areas of the two ends 
ABODE and FGHIK are equal and 
similar, therefore they will exactly co- 
incide, and the volume of the original 
oblique solid will equal that of the right 
solid of the same length. 

Thus the volmne of the above 
solid will equal area of FGjHiDiKt 
xFA. 

Rule. — ^Multiply the area of the 
light leetion by the length of the 
ioUd. 




EXEBCISE XZV. 

I. An oblique prism has a base of 23 sq. ft. 115 sq. in., and its perpen- 
dicular height is 4 ft. 7 in. : find its volume. 

8. Find the volume of an oblique triangular prism whose sides at the 
base are 7 in., 15 in., and 20 in. respectively, and whose perpendicular 
height is 45 in. 

8. Find the volume of an oblique cylinder, the radius of the base being 
2 ft. 6 in., and perpendicular height 4 ft. 3 in. 

4. The perpendicular height of an oblique cylinder is 4 ft. 9 in., and 
the radius of the base 4 ft. 3 in. : find the side of a cube of equal volume. 

5. Find the volume of an oblique prism whose base is 3 sq. ft, and 
perpendicular height 1 ft. 9 in. 

6. Find the volume of an oblique cylinder whose radius is 2 ft. 3 in., 
and perpendicular height 3 ft. 6 in. 

7. The circumference of an oblique cylinder at right angles to the axis 
is 2 ft. 6 in., and its length is 7 ft. : find its lateral surface. 

8. An oblique hexagonal prism has the area of its right section 
12 sq. ft., and its length is 8 ft. : find its volume. 

9. The area of the base of an oblique pentagonal prism is 18 sq. in., and 
its perpendicular height 10 in. : find its volume. 

10. What is the lateral surface of an oblique cylinder whose radius is 
1 ft., and perpendicular height 3 ft. ? 

II. What is the total surface of an oblique cylinder whose diameter is 
15 in. at the base, and perpendicular height 2 ft. ? 

12. Find the volume of an oblique cylinder whose area at the base is 
8} sq. ft., and perpendicular height 2\ ft. 
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18. Find the lateral sur&ce of an oblique cyliodir whose drcumferenoe 
at right angles to the axis is 2 ft, and the length of whose axis is 4 ft 

14. Find the volume of an oblique hexagonal prism whose area at the 
end is 4 sq. ft, and whose perpendicular height is 6 ft 

15. What is the area of a right section of an oblique cylinder 
5 ft long, whose area at the bfUie is 4 sq. ft., and perpendicular 
height 4 ft ? 

16. Find the volume of an oblique solid whose perpendicular height 
is 10 ft^ and base a triangle whose sides are 12 in.^ 6 in., and 10 in. 
respectively. 



XXXI.— ON CIBCULAB BINGS. 

(a) To find the volmne of a circular ring. 

The ring may be considered as a cylinder having a circular base, as at 

The length or height of the cylinder is the length of the mean 

circumference of the ring from a to 6* 

^^Z^. •'^r*^. ^®* ^ ~ diameter of the outer ring 

yr^'*'^^-- ^*.^*N \. AB, and d = diameter of the inner 

///^ ^V\\ ring CD. 

] I I \ \ I '^^^ — 7> — ^ diameter of the section 

, f f C DJ ^U ^ at a 

loj I ! I t) — /2 

\€n J 1 1 And — - — t= radius of the s^ctkm 

/TV y/J ^ at a 



.*. Area of section at a ^ »( — — j 



Again — - — = ^ = diameter of mean circumference atfb 



jjy + s 



" V 2 / ~ ^®°8th of mean circumference ae/h 

= length or height of supposed cylinder. 
.•. Volume of ring = area of section x length of mean circumference 
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But irD = circumference of outer circle =? 
And ird = circumference of inner circle = c 
.\ Volume of ring = ^^0 - c)8 (D + c?) 

BuLE.-— Multiply ihb iquare of the differenee of the outer and inner 
eircumferenceii by the sum of the outer and, inner diameters, and tako one 
thirty- seeond part of the product. 

(h) To find the volmne of a flat ring. 

If the ring be flat, it may be regarded as the difference between a 
cylinder whose diameter is AB and another cylinder whose diameter 
Iddb, 

Let AP = height of each 
cylinder = h. 

Let AB = D, and ((J> = d. 
Then tolume of outer cylinder 

ADBC = ith^ 
4 
Then volume of inner cylinder 

aabc — tA— 
4 

/. Volume of ring 

EuLE. — ^Multiply the difference of the squares of the outer and inner 
diameters by one-fourth of the height multiplied by ir. 

EXEBCISE XZVI. 

i. What is the volume of a circular ring whose outer diameter is 2 ft., 
and inner diameter 1 ft. 8 in. ? 

2. Find the volume of a circular ring whose outer diameter is 3 in., and 
thickness of the ring ^ of an inch. 

8. Find the volume of a flat ring whose outer diameter is 3 ft., inner 
diameter 2 ft., and height 3 in. 

4. The length of the outer circumference of a gold ring is 1} in., the 
circumference of the section of the ring J of an inch : find the contents 
of the ring to the thousandth of a cubic inch (ir = 3^). 

5. A flat ring has an outer diameter of 4 ft., the thickness of the 
metal is 3 in., and the height of the ring 2 in. : find its volume. 

6. Find the volume of a circular ring whose outer circumference is 
3 ft., and inner diameter 8 in. 

1 What is the volume of a flat ritg whose outer circumference is 3 ft., 
and inner diameter 8 in., and the height of the ring 1 J in.? 
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8. A circular ring has an outer circumference of 12 ft. ; the thickness 
of the ring is 3 in. : find its volume. 

9. A fiat ring has an outer circumference of 12 ft. ; the thickness of 
the ring is 3 in., and it is 3 in. high : find its volume. 

10. What is the volume .of a circular ring surrounding a circular 
cistern 5 ft. in circumference, the thickness of the ring being 3 in. ? 

11. What is the volume of a fiat ring surrounding a circular driving- 
wheel whose circumference is 16 ft., the ring being 6 in. thick and 4 in. deep? 

12. A circular cistern 6 ft. in circumference is surrounded by a circular 
ring 4 in. thick : find the volimie of the ring. 

13. A flat ring surrounds a wheel 12 ft. in diameter, the ring being 
4 in. thick and 6 in. deep : find its volume. 

14. A circular ring has an outer circumference of 3 ft., and an inner 
circumference of \\ ft. : find its volume. 

15. What is the difference in volume between a circular ring and a flat 
ring, the external and internal diameters of each being 5 ft. and 4 ft, and 
the height of the flat ring being equal to the thickness of the circular ring? 

XXXIL— ON THE PTEAMID, 

A pyramid is a solid whose base is a rectilineal figure, and 
whose sides are three or more triangles which meet at a point. 

Pyramids, therefore, may be triangular, quadrilateral, pen- 
tagonal, etc. 

(a) To find the lateral 8ur£EUse of a pyramid. 

Let ABCD be a triangular pyramid. 

The area of the lateral surface will equal the area of the sides ABD, 
Q EDO, and ADC. 

A Draw DH perpendicular to EC. This will be 

/l\ the slant height of the pyramid. 

//VV .. .^^ BCxDH 



iu-ea oi lace ja^kj — 




2 




Area of face ADB = 


AB 


X 


DH 


Area of face ADC = 


AC 


X 

"2" 


DH 


Total lateral surface 


DH 
2 






= (AC + AE + EC) X 







B = Perimeter of base x half the slant height. 

Rule.— Mnltiply the perimeter of the base by one>half the ilant heigbt. 
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(&) To find fhe volume of a pyramid. 

Let ABCD (Fig. 1) be apyramid. 

Ck)mplete the prism BCfiFEA, of which the pyramid was a part, by 
drawing 0£ and t)F parallel to AB, and cutting them by a plane AEF 
parallel to BCD. 





Fig 1. 

Then there are formed three pyramids : 

(i.) BCDA on base BCD with apex A (Fig. 2) ; or t)n base ABD with 
apexC. 

(ii.) AEFC on base AEF with apex (Fig. 3). 

(iii.) FDCA on base FCD with apex A (Fig. 4); or on base ADF 
with apex C. 

Let AO be the perpendicular height of the prism (Fig. 1). 





Fig. 3. 

Then pyramid BCDA (Fig. 2) = pyramid AEFC (Fig. 3), because 
they are on equal bases BCD and AEF, and are of the same height AO. 

Pyramid BCDA (Fig. 2) = pyramid FCDA (Fig. 4), because they 
are on equal bases ABD and AFD, and of the same height AO. 
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Therefore each pyramid is } of the prism. 
But volume of prism = area of base x height 

_ , , . , area of base x height 
/. Volume of pyramid = ^ 

BuLE.— Multiply the wrt» of tiie base by on^-tbird of tba pei^endiiiiluf 
height. 

EXEBCISE 2X711 

1. Find the total surface of a square pyramid whose ^e measures 
3 ft. 6 in., and slant height 5 ft. 4 in. 

2. A triangular pjrramid on an equilateral base, each of whose sides 
is 15 ft., has an altitude of 30 ft. : find its volume^ 

8. The base of a pyramid is a regular hexagon Whose side is 16 ft., and 
whose perpendicular height is 25 ft. : find its volume. 

4. A pyramid has a regttlar hexagon for its base, eacd side being ^ ft., 
and its perpendicular height is 12 ft. ; find its cubical contents. 

6. The great pyramid of Egypt was 481 ft. high, and its base was 
764 ft. square : find the volume to the nearest num^r of cubic yards. 

6. It is desired to cover a piece of ground 80 ft. square by a pyramidal 
tent 30 ft. in perpendicular height. Find the oost of the canvas at 4^. 
per square yard. 

7. If a pyramid is cut into two pieces by a plane parallel to the base 
and half-way between the vettex and the base, compare the volncties of 
the pieces thus formed. 

8. Find the volume of a triangular pyramid, each side of the base 
being 5^ ft., and the perpendicular height 30 ft. 

9. Find the whole surface of a square pyramid, each side of the base 
being 12 feet, and the slant height 25 ft. 

10. Find the solidity of a triangular pyramid whose perpendicular 
height is 20 yds., and each of whose sides at the base is 6 ft. 

11. A triangular pyramid is 19^ ft. high, and the sides of its base are 
16^ ft., 18| ft., and 14 J ft. respectively : find its volume, 

12. Find the lateral surface of a pyramid the perimeter of Whose base 
is 15 ft., and slant height 8 ft. 

18. Find the lateral surface of a regular hexagonal pyramid whose side 
at base is 3 ft., and perpendicular height 12 ft. 

14. Find the volume of a pyramid whose base is 8 sq. ft., and perpen- 
dicular height 10 ft. 

16. A pentagonal pyramid is 14 ft. in perimeter, and the perpendicular 
distance from its apex to the edge of the base is 14 ft; : find its lateral sorfoce. 

16. The area of the base of a triangular pyramid is 24 sq^ ft., Mkl its 
perpendicular height is 50 ft. : find its volume. 
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17. It is required to cover a piece of groundt in the foml of a reotiiBgle 
15 ft. loDg by 12 ft broad, with a pyramidal tent 20 ft. high : how much 
canvas would be required ? 

18. Find the cubic contents of a pyramidal tent which covers a 
rectangular piece of ground 15 ft. by 20 ft., the tent being 25 ft. high. 

19. The area of the base of a pyramid 15 ft. high is 5 sq. ft. : compare 
its volume with that of another pyramid with double the base and halt the 
height. 

dO. Compare the volumes of a ^ntagonal pyramid a feet high with that 
of an hexagonal pyramid h feet high, the area of their bases being equal. 

21. If a plane parallel to the base cuts a pyramid one-third of its 
height from the base, compare the volume of the pieces thus formed. 

22. If a pyramid 12 in. high be out by planes parallel to the base 
at distances of 2 in. and 8 in. from the base, compare the volumes of the 
pieces thus formed. 

28. A pedestal, consisting of a solid block of granite 4 ft. square and 
6 ft. high, has a pyramid having an equal base to that of the pedestal 
and 16 ft. high placed od its top : find the volume of the whole. 

24. What will it cost to polish the granite which is exposed to view in 
the previous question at 28. 6d a square foot ? 



XXXin.— ON THE CONE. 

A caae is a solid formed by the revolution of a right-angled 
triangle round one of the sides 
containing the right angle. 

Let ABC be a right-angled triangle, 
having the right angle at B, and let it 
revolve round AB. 

Then AG will trace out a conical 
surface. 

And BC will trace out a circle. 

The solid bounded by this conical 
surface and this circle is called a cone. 

A is the vertex of the cone. 

AC is the domi height = AD = AP 
= AE. 

AB is the height of the cone. 

BO is the radius = BD = BP = BE. 

(a) To find thd lateral 8tir&6e of a eone. 

Let ABC be a cone. If It be considered hollow and slit open aloog the 
line AB, when spread out it will form t^ sector <^ a circle. 
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Tho arc of this sector is the circumference of the base of the cone, and 
the radius of the sector is the slant height of the cone. 



*. Lateral surface of the cone ABC = area of the sector ABB 

AB 
= arc BB X — 

slant height 
= circumference of cone x r 

Let r = radius of cone, and h = slant height. 

Then lateral surface = 2irr x - = nr^ 

Rule.— Multiply the prodaot of the radius and slant height bj ir. 



(h) To find the total siudbee of a cone. 

Total surface = area of base + area of lateral surface. 
Area of base = xr* 
Area of Lateral siurface = vrh 

:. Total surface = tt^ + irrh == wr(r + h) 

Rule. — ^Mnltiplj the prodaot of the radius and the sum of the radius 
and slant height by t. 

These last results may also be obtained from tne results previously 
found for the pyramid. 

For, as the perimeter of a polygon, inscribed in a circle, becomes the 
circumference of the circle when the number of the sides of the polygon 
is increased indefinitely, so the cone may be regarded as a pyramid having 
for its base a polygon of an indefinite nmnber of sides. 
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slant Height 
2 




Lateral surface of pyramid = perimeter of base x 

But perimeter of base of polygon) . - ^, , ^ 

of indefinite number of sides ] "^ <5"^^^°^'«r«^ce of base of cone 

/. Lateral surface of cone = c x - = 2irr x - = mrh 

2 2 

And total surface = irr^ + wrh = irr(r + K) 
These are the results previously obtained. 

{c) To find the slant height, perpen- 
dionlar height and radins of the 
cone being given. 

Let ABC be the cone. AO = perpendicular 
heidbt = h. 

BO = radius of base = r. 
Then AB = slant height. 
AOB is a right-angled triangle. 
A AB^=0 A2 + 0B g 
.'. Slant height - V A^ + r2 
BuLE.— Take the square root of the sum 
of the squares of the perpendicular height and the radius 

{d) To find tho volume of a cone. 

The volume of a cone may be obtained from that of the pyramid. For 
it may be considered as a pyramid having an indefinite number of sides. 
Therefore the perimeter of the pyramid ultimately becomes the circiun- 
ference of the cone. 

/. Volume of a cone = area of the base x one-third of the 
perpendicular height. 
Let r = radius of base, and h = perpendicular height. 

/. Volume = nr^ x - 
3 

BuLE.^Multiply the area of the base by one-third of the perpendicular 
hdght 

{See Easy Exercises XIII. and XIV.) 

EXEscisE xzvm. 

1. Find the lateral surface of a cone whose diameter is 17 ft. 2 in., and 
perpendicular height 21 ft. 

8* How many yards of canvas j yd. wide will be required for a conical 
tent 20 ft. in diameter and 15 ft. high? 
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3. Find the volume of a cone the radius of whose base is 4 ft. 6 in.» 
and whose height is equal to its circumference. 

4. Find the volume of a cone whose perpendicular height is 7 ft« and 
the radius of the base 5 ft. 

5. What quantity of canvas is necessary for a conical tent whose 
altitude is 8 ft., and the diameter of whose base is 13 ft. ? 

6. A cone is 30 ft. high, and the diameter of the base is 1 yd. : find 
the volume. 

7. A cone is 2 ft. high, and its volume is 8 cub. ft. : find the circum- 
ference of the base. 

8. What is the cost of cleaning the curved surface of a cone whose 
diameter at the base is 13| ft, and slant height 18§ ft., at Is. per square 
foot? 

9. Find the volume of a cone whose circumference at the base is 6 yds. 
2 ft., and perpendicular height 8J yds. 

10. Find the volume of a cone whose circumference is 11 yds., and 
slant height 8f ft. 

11. Find the volume of a cone the diameter of whose base is 3^ ft., 
and whose altitude is 6 ft. 

12. The diameter of the base of a cone is 9 ft, and the hdght is equal 
to the circumference of the base : find its cost at Is, per cubic foot. 

18, The slant height of a cone is 13 ft. d in., and the diameter of the 
base is 7 ft. 4 in. : find the cost of decorating the surface at Is. per square 
foot. 

14. Find the volume of a cone, the circumference of whose base is 
12 ft, and whose slant height is 15 ft. 

16. What will the canvas cost at Zs, Qd, a square yard for a conical 
tent whose height is 10 ft, and circumference at the base 40 ft ? 

16. If the radius of the base of a cone whose height is 10 in. is 
4 in., find the slant height 

17. What is the total surface of a cooe 24 in, in height, and 24 in. 
in circumference at the base ? 

18. On a cubical pedestal stands a cone 10 ft. high and 11 ft. in 
circumference at the base, which touches the edges of the top of the 
pedestal : find the total contents of the whole. 

19. The largest possible cone is cut from a rectangular solid 3 ft, by 
2 ft. by 8 ft. high : find the volume of the cone. 

20. A cone is cut by a plane parallel to the base and midway between 
the apex and base: compare the volumes of the solids thus formed. 

21. A cone 15 in. high is cut by two planes parallel to the base at 
distances of 5 in. and 10 in. respectively from^ the base : compare the 
volumes of the solids thus formed. 

22. What is the volume of the largest possible cone cut out of a cubical 
block whose edge is 7 ft. ? 
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XXXIV.— ON FRUSTA OF PYRAMIDS. 

A frustum of a pyramid is the portion of the pyramid in- 
ojuded between the baee and a. plane cutting the solid parallel 
to the base. 

(a) To find the lateral snrface of a frustum of a pyramid. 

Let ABCPE and dbcde \>e the two piirallel planes of a pyramid 
PABOD. 

Then the area of each foce of the frustum is 
a ti^pezoid. P 

Let pp be the slant height or perpendicular 
between the parallel sides AB and ah, 

. rpk fr ATJT^ (AB + ah) X pp 
Then area of face AWxi = 7^ » 

and so on for all the faces. 

But lateral surface = area of all the 
faces. 
/. Lateral surface 

= (pejimeter of base + perimeter of top) 
slant height of frustum 

^ 2 

Rule. — ^Xnltiply the sum of the peri- 
meters of the base and top by one-half the 
slant height. 

[b) To fl|id the total surftuje of the frustum of a pyramid. 

It is evident that the total surface of the frustum of a pyramid will 
equal the lateral surface together with t)ie are^ of the two ends. 

(c) To find the volmue of the frustum of a pyramid. 

Let ABCDEF be a frustum of a pyramid. 
It can be cut into three pyramids, ABOE, FEDO, and EPAC. 
The volume of the whole frustum will equal the volume of these three 
pyramids. 

Let area of ABC = Sj. 
„ „ DEF = Sj. 
Let height of frustum Oo = h. 
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Then volume of ABOE = -^ (Sect XXXIL (5).) 

o 



And volume of FEDC = 



S^A 



But it is necessary to get the volume of EFAG in terms of the other 
two pyramids. 

Now, volume of EFAC : volume of PEDO ! I Area AFC : Area FDO, 
or 88 their bases, being of equal heights Oo. 

Again, area AFC : area of FDC 
1 1 AC : FD, or as their sides, being 
of the same height Oo (Sect/XII.) 
AndsideAC:F D: : VareaofABC 
: Varea of DBF 1 1 VS, : Vs^, or 
as the square root of their areas 

(Sect. xn.). 

/. Volume of EFAC : volume of 

FEDc::\/§r:>/§; 

.-. Volume of EFAC 

\/s7 
= -ri: X volume of FEDC 

V S"t X Sa^ 

= Vs; X v^x - = -' vsi^ 




3 3 



.*. Volume of frustum = — |Si + V S1S3 + Sj} 

BuLE. — To the ium of the areas of the two ends add the square root of 
the product of the areas of the two ends, and then multiply the result by 
one-third of the perpendicular height. 

Note. — ^The square root of the product of the areas of the two ends 
equals the area of the mean section. 

id) Prom the formula 3 {Si + v'SiS, + 8t}--that is, the volume of the 
frustum— to obtain the formulsB for the volumes of the pyramid and prism. 

(i.) If Sa = 0, then the figure becomes a pyramid, and Sj vanishes. 
•'• Volume of pyramid = — S^ = area of the base multiplied by one- 
third of height (Sect. XXXIL) 
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(ii.) If Si = S21 the solid becomes a prism. 
/. Volume of prism = -(S^ + ^/S^S; + Si) = -| (Si + Si + Si) 

--|(3Si) = ASi 

= area of base multiplied by height (Sect. XX VIL). 
These results are the same as were obtained in Sections XXXIF. and 
XXVII. respectively. 

EXEBCISE XXIX. 

1. Find the total surface of the frustum of a pyramid whose ends are 
squares measuring 5 in. and 3 in. in the side, and whose slant height is 12 in. 

2. A mound of earth is raised with plane sloping sides ; the dimensions 
at the bottom are 80 yds. by 10 yds., and at the top 70 yds. by 1 yd. ; 
the perpendicular height is 5 yds. : find the cubic contents. 

8. A hollow space is excavated in the form of a cistern 6 ft. deep ; the 
area at the top is 100 sq. yds., at the bottom 81 sq. yds. : find the number 
of gallons it will hold. 

4. Find the volume of the frustum of a triangular pyramid, the sides 
of the base being 9 in., 12 in., and 15 in., and of the top 6 in., 8 in., and 
10 in. respectively, and the perpendicular height being 20 in. 

6. Find the solid contents of the frustum of a square pyramid, each 
side of the greater end being 3 ft. 4 in., and of the smaller end 2 ft. 2 in., 
the perpendicular height being 10 ft. 

6. How many cubic feet of water can be contained in a ditch of tde 
form of an inverted frustum of a pyramid if it measure 400 ft. by 20 ft. at 
the top, and 300 ft. by 15 ft. at the bottom, the uniform depth being 6 ft.? 

7. Find the lateral surface of the frustum of an hexagonal pyramid 
whose perimeters at top and bottom are 5 ft. and 10 ft. respectively, and 
whose slant height is 5^ ft. 

8. Find the volume of the frustum of a regular hexagonal pyramid 
whose side at bottom is 3 ft. and at top 2 ft., and whose perpendicular 
height is 6 ft. 

9. Find the total surface of the frustum of a square pyramid whose sides 
at top and bottom are 3 ft. and 5 ft., and whose slant height is 6 ft. 6 in. 

10. A reservoir with slanting sides whose base is 50 ft. by 40 ft., and 
top 75 ft. by 60 ft., is 15 ft. in perpendicular depth : find the number of 
gallons of water it will hold. 

11. Find the cost of excavating a reservoir whose base measures 
20 yds. by 15 yds., and whose top is 30 yds. by 25 yds., and perpendicular 
depth 6 yds , at 2«. 9c?. a cubic yard. 

12. Find the lateral surface of the frustum of a square pyramid whose 
base is 6 ft. square, and top 3 ft. square, and slant height 11 ft. 

H 
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XXXV.~ON FRUSTA OF CONES. 

(a) To find the lateral surface of a fnutmn of a cone. 

Let ABCD be the frustum of a cone. 

From similar reasoDing as before, the circumferences of the top and 

bottom of the frustum of the cone may be 

A considered as the perimeters of two polygons 

/ \ having an indefinite number of sides. 

f \ Let C = circumference and R = radius 

/ \ of the base. 

! \ Let c = circumference and r = radius 

I> / ^c ^^ ^^^ ^op- 

r ^ Let h - slant height = DA. 

/ \ r,,, 1 . t .. ,^ V sla^t height 
/ \ Then lateral surface = (C + c) x 

/ \ (Sect. XXXIV. (a).) 

L """^A But C = 2»R, and c = 2irr 

^^ ) .*. Lateral surface = 2ir(R + r) x - 

= »A(R + r) 

Rule. — Koltiply the lum of the radii of the two endi by x times the 
slant height. 

(6) To find the total surface of the frustum of a cone. 

The total surface will equal the surface of the bottom + surface at the 
tpp + lateral surface. 

Area of ihe base = irR* 
„ „ top = irr« 
Lateral surface = irA(R + r) 
/. Total surface = ir{ll2 + r^ + A(R + r)} 

RujiE.— To the sum of the squares of the radii of the two ends add the 
product of the sum of the radii of the two ends by the slant height, and 
multiply this amoxmt by k, 

(e) From the formula v{b? + »-* + A(E + r)|— that is, the 
total surface of the frustum of a cone — ^to obtain the 
formulsB for the total surface of a cone and cylinder. 

(i.) If r = 0, then the solid becomes a cone, and r vanishes. 
/. Total surface of cone = ir(R2 + RA) = irR(R + A) (Sect. XXXIII. (5).) 
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(ii.) If R = r, then the solid hccomes a cylinder. 

/. Total smface of cylinder = ir{R2 + H^ + A(2R)} 
= <2R2 + 2RA) 

= 2irR(R + h) (Sect. XXIX. (d),) 
These are the same results as were obtained in Sects. XXXIII. and 
XXIX. respectively. 

{d) To find the lateral surface of a frustom of a cone, the cir- 
cumference of the mean section and slant height being given. 

C + c 
From above (a) lateral surface of a frustum of a cone = — ; — x (slant 

height). 

C + c 
But — — = circumference of the mean section of the frustum. 

/. Lateral surface of the frustum = circumference of the mean sec tion x 

i^lant height. 

Rule.— Knltiply the circumferenoe of the mean leotion by the ilant 
height. 

(e) To find the volume of a frustum of a cone. 

Because the circumferences of the top and bottom of the frustum of a 
cone may be regarded as the perimeters of polygons having an indefinite 
number of sides, therefore we may, in the formula for the volume of a 
pyramid, substitute the circumferences of the two ends of the frustum 
of the cone for the perimeters of the top and bottom of the pyramid 
respectively. 

Let rj and r^ — the radii of the two ends of the frustum. 
Tlien Si = icT^ S2 = icr^ 

Now volume of frustum of pyramid = —(^1 + \/S^ + Sg) 

(Sect. XXXIV. (c).) 

/. Volume of frustum of cone = — {-kt^ + fjiir^ x -xr^ + icr^) 

o 

= f W + nr^ + r^^) 

Rule.— To the sum of the sqnarei of the radii of the two ends add the 
prodact of the radii of the two ends; multiply the result by w times one- 
third of the perpendtcolar height. 
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(/) Prom the formula '-^W + ^\U + r,«)-that is, the volume of a 
frasttim of a cone— to obtain the yolnme of a oone and of a oylinder. 
If r, = 0, then the frustum becomes a cone. 

/. Volume of cone = ^V = '''i' x \ (Sect. XXXTII. (<i).) 

If ri = rj, the frustum becomes a cylinder. 

/. Volume of cylinder = ^(S\ + Vi + r^) - ^(Sri^) 

rrir/iV (Sect. XXIX. (c). 

These are the same results as were obtained in the sections on the 
cone and cylinder respectively. 

{9) Another method of finding the Tolnme of a frustum of a pyramid 

or oone. 

The volume of a frustum of a pyramid or cone may be found by 
taking the difference between the volume of the complete pyramid or cone 
and that of the part cut off by the plane forming the top of the frustum. 

Let ABCD be a frustum of a cone. 
Complete the cone HAB. 
Then the frustum ABCD may be regarded 
as the difference between the cone ABH and 
the cone DCH. 

Let the height of the frustum OQ = A. 
„ radius of the base = R. 
>} I, top = r. 

It is necessary to find the height of the 
cones HAB and HDC. 
Let HQ = X. 

ThenHO = A+a; 
Now HQC and HOB are similar triangles. 
.-. HO : R : : HQ : r 
That is a? + A : R : : a; : r 
/. Ka5 = ra; + rA 

a? = -:: = HQ 



R 

A 
/ 1 ^ 




/. Ra5 — nc = rh 



But HO = A + a; = A + 






Rh - rA + rh 



'R-r 



/. Volume of cone HAB = j( ^^) x tR^ = j(^ ) 
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And volume of cone HDC = Jl 1^ ) ^ ' 



lOI 



Volume of frustum ABCD = J i^~\ - j( ^^ ) 






rh^ 



This is the same result as was obtained above (Sect. XXXV.). 
By writing irR^ = Sj, and irr^ = Sj, we obtain the volume of frustum 
of pyramid. 

/. Volume of frustum of pyramid =--(82+ v ISatii 4- Sj), which is 

o 

the same result as was obtained in Sect. XXXIV. (r). 

(h) To find the volume of a cask, or to gauge a cask. 

Let EFDO be a cask. 

It may be regarded as the frusta of two cones, ABCD and AEFB. 
Let R = radius of the bung section 
OB. 

Let r = radius of the end section QD. 
Let h = height of the frustum OQ. 
Then volume of the frustum ABCD 

= ^(tR2 + irRr + «-2) 

This omits the small volume between 
the sides of the cask and the section 
APO. 

.*. Volume of the cask 

= -^^ (irR2 + irRr + Tr2) 
o 
which gives the volume a little too small. 
If for Rr we write R^ 




Then volume of the cask = 



2h^ 



^-(2irR2 + ^2) 

which gives the volume a little too large. 

The sum of these two results divided by 2 will give a result suflBciently 
correct for all practical purposes. 

.-. Volume of cask = j{ -- (irR2 + irRr + irr2 + 2irR2 + wr^] 
= j(3irR2 + TRr + 2»r2) 
= y(3R2 + Rr + 2t2) 
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If instead of A = OQ we take h^ = height of the cask = 20Q = 2^ 
Then volume of cask = ^^ (3R2 + Rr + 2r2) 

D 

Rule. — ^lind the total sum of three times the square of the radius at 
the bong, twice the square of the radius at the end, and the product of 
the bung radius by the end radius. Kultiply this sum by ir times one- 
sixth the height of the cask. 

EXESCISE XXX. 

1. Find the lateral surface of the frustum of a cone whose top and 
bottom diameters are 15 ft. 4 in. and 26 ft. 8 in., and whose perpendicular 
height is 23 ft. 9 in. 

2. Find the volume of the frustum of a cone the circumferences of 
whose bases are 66 ft. and 56 ft., and whose height is 4 ft. 

8. Find the weight of water in tons in a tank in the form of a 
frustum of a cone, the radii of the ends being 10 ft. and 8 ft. respectively, 
and the perpendicular height being 5 ft. 

4. Find the number of cubic feet in the trunk of a tree in the form of 
a conical frustum whose length is 70 ft., and the diameters of whose ends 
are 10 ft. and 7 ft. 

6. Find the total area of the surface of the frustum of a cone, the 
diameters of the ends being 1\ ft. and 1^ ft., and the perpendicular height 5 ft. 

6. The diameters of the top and bottom of the frustum of a cone are 
18 in. and 27 in. respective!}*, and the perpendicular height is 30 in. : find 
its volume. 

7. If from a right cone, whose slant height is 80 ft. and whose circum- 
ference at the base is 10 ft., there be cut off by a plane parallel to the 
base a cone of 12 ft. in slant height-, what is the volume of the frustum ? 

8. Find the lateral surface of the frustum of a cone the perpendicular 
height of which is 7 ft., and the radii of the two ends 4 ft. and 5 ft. 
respectively. 

9. Find the volume of a conic frustum the circumferen ces of whose ends 
are 66 ft. and 56 ft. respectively, and whose perpendicular height is 6ft. 

10. Find the solid contents of a frustum of a cone wliose perpendicular 
height is 7 ft., and the radii of the two ends 4 ft. and 5 ft. respectively. 

11. What number of gallons will a cask hold which is 3 ft. high, and 
whose circumference at the bung is 8 ft. and at the ends 6 ft. ? 

12. Find the weight of water which a water-cask 6 ft. high, and having 
its circumference at the centre 12 ft. and at the ends 8 ft., would hold. 

IS. What is the lateral surface of a frustum of a cone whose circum- 
ference of the mean section is 10 in. and slant height 8^ in. ? 

14. The circumferences of the ends of a frustum of a cone are 2 ft. 6 in. 
and 6 ft. respectively, and the slant height of the frustum is 4 ft. : find 
the total surface of the fi'ustum. 
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15. Find tbe volume of a cask which is 4 ft. high, and 8 ft. in circum- 
ference at the bung and 6 ft. in circumference at the end. 

16. If from a cone, whose slant height is 15 ft. and circumference at 
the base 8 ft , there be cut off by a plane parallel to the base a cone of 5 ft. 
in slant height, find the volume of the frustum. 

17. How many gallons of water will a cask hold which is 6 ft. high» 
and whose circumference at each end is 8 It. and in the middle 10 ft. ? 



XXXVL—ON THE WEDGE AND PEISMOID. 



(a) To find the volume of a wedge. 

Let ABCDEF be a wedge having a rectangular base FDCG. 

The wedge can be divided into two parts by a plane through A, 

A 




parallel to the end BDC, thus forming the pyramid AFEH and the half- 
prism AEDCB. 

Let AB = the edge = e, 

„ FD = length of base = h, 

„ TX]J = breadth of base = d, 

„ ko =:. height of wedge = A. 

Then volume of AFEH = <i(6 - c) x ^ (Sect. XXXII. (5).) 
„ AEDCB = ^' (Sect. XXVIL (c).) 

•••Volume of wedge = — + —^6 — c) 

= \{Zdeh + 2dA(5 - c)} 
= \(^deh + 2dhh, - 2ddC) 

= J(<^ + 2d6A) = v(« + 26) 
o 
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If the edge of the wedge AB be greater than the base FD, then by 
completing the half-prism EDBAH it is evident that the volume of tho 
wedge FDBA is equal to the difference between the volumes of the half- 
prism EDBAH and the pyramid AHEF. 




E F I 

As before, let AB = the edge = «. 
„ „ FD = length of base = h. 
„ „ DC = breadth of base = d, 
„ „ AO =• height of wedge = A. 

Then volume of pyramid AHEF = d(c — ft) x - 



prism EDBAH = 



deh 



/. Volume of wedge = ^^ - 

2 8 

= J (3rfeA - 2<feA + 2(»A) 
= f(e+26) 

Rule.— To the length of the edge add twice the length of the base ; 
multiply the sum by one sixth of the product of the breadth of the base and 
the height of the wedge. 

(&) To find the volume of a prismoid. 

A prismoid is a frustum of a wedge made by a plane passing 
through the wedge parallel to the base. 



D 

"7 
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Let ABODE be a wed^e, of wliich ABCN is the base. Let a plane 
FGHK be passed parallel to the base; then the solid ABHK is a 
prismoid. 

This prismoid can be cut into two wedges by a plane passing through 
the edges FG and NO, making — 

vi.) A wed^e whose base is ANCR, and edge FG. 
Hi.) A wedge whose base is FGHK, and edge NO. 
The volume of the prismoid will evidently be the sum of the volumes 
of these two wedges. 

Let AB = length of base = ft. 
,, BC = breadth of base = rf. 
„ FG = length of top = m, 
„ FK = breadth of top = w. 
„ 00 = height of prismoid = h. 

dh h 

Then volume of wedge ABCGF = — (m + 2h) = - (dm + dh + db) 

o o 

= ^{(m + b)d + db)\ 

nh 1 

And volume of wedge HKFNC = — (6 + 2m) = ■- {nh + mn + ran) 

= - {{m + h)n 4- mn) 
6 

.*. Volume of prismoid = — {(w + ft) «^ + (m + &)n + (f6 + mn} 

= -^{(^ + ft)(i + w) + e?ft + mn} (i.) 
6 

But — - — = length of mean section of prismoid. 

// 4- « 

And -r — = breadth of mean section of prismoid. 

.% Area of mean section of prismoid = ( — - — J ( — r~ ) = -A. 

.•. 4 times area of mean section = 4A = (m + ft) (i^ + n) 
Substitute this value of (m + ft) (d + «) in (i.). 

Then volume of prismoid = - (4A + rfft + mn) 

BuLE. — To the sum of the areas of the base and top add four times the 
area of the mean section parallel to these ends, and multiply the sum by 
one-sixth of the height of the prismoid. 

Note. — Haystacks, stone-heaps, railway embankments frequently take 
this form, and their contents consequently are found by this rule. 



Digitized by VjOOQ IC 



Io6 LONGMANS' SCHOOL MENSURATION 



EXEBCISE XXZL 

1. Find the volume of a wedge the edge of which is 3^ in., the 
length and breadth of the base 5 in. and 2 in. respectively, and the height 
10 in. 

2. The length and breadth of the base of a wedge are 10 in. and 5 in., 
the height is 1 ft., and the edge 1 ft. : find the volume. 

8. Find the volume of a wedge the edge of which is 5 in., the 
length and breadth of the base 8 in. by 3 in., and the height of the 
wedge 8 in. 

4. The area of the base of a wedge is 40 sq. in., the height of the 
wedge is 6 in., its breadth 4 in., and the length of the edge 8 in.: 
find the volume of the wedge. 

6. Find the total surface of a wedge which has a rectangular base, 
whose edge is 6 in., slant height 4 in., and length and breadth of base 
8 in. by 3 in. 

6. Find the side of a cube equal in area to a wedge whose edge is 
10 in., length and breadth of base 12 in. and 5 in. respectively, and 
l)erpendicular height 6 in. 

7. Find the volume of a wedge whose height is 8 in., length and 
breadth of base 3 in. and 2 in. respectively, and whose edge is 5 in. 

8. Find the volume of a vessel in the form of a prismoid, the top 
being 12 in. by 6 in., the bottom 8 in. by 4 in., and whose depth 
is 8 in. 

9. How many cubic yards are there in a haystack in the form of a 
prismoid, the dimensions at the base being 40 ft. by 25 ft, at the top 
80 ft. by 20 ft., and the height of the stack 40 ft. ? 

10. A heap of stones in the form of a prismoid measures at the base 
15 ft. by 12 ft., and at the top 12 ft. by 10 ft.; its height is 3 ft. : find 
the number of cubic yards in the heap. 

11. A railway embankment is 825 ft. long, and has a uniform width 
at tho top of 32 ft. ; at one end it is 19 ft. high, and gradually decreases 
to the other end to 8 ft. high ; the widths at the base at these ends are 
108 ft. and 64 ft. respectively : find the number of cubic yards in the 
embankment. 

12. A railway embankment is half a mile long, and has a uniform 
width of 30 ft. at the top ; at one end it is 25 ft. high, and gradually 
decreases to the other end to 12 ft. high ; the widths at the base at the 
ends are 120 ft. and 80 ft. respectively : find the cost of making the 
embankment at 8(f. a cubic yard. 

18. What would be the volume of the largest possible wedge cut from 
a cube whose side is 10. in. ? 
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XXXVir.-ON SIMILAR RECTILINEAL SOLIDS. 

Similar solids are such as are of the same form, and whose 
corresponding dimensions are proportional. 

(a) Bectangular solids are to one another as the product of 
their dimensions. 
Let ABCDEF and dbcdefhe two rectangular solids. 
E D 



ft^ 



a 



B 



Then volume ABCDEF : volume dbcdef : : AB x BC x CD : a6 x 6c x cd 
.*. (i.) If the hoses of two rectangular solids are equal, tJieir volumes 

are as their heights. 
(ii.) If the heights of two rectangular solids are equal, their volumes 

are as their bases. 

Example. — If two cubes have their contents the one double of the other, 
and the edge of the larger cube is 1 ft. : find the edge of the smaller. 
Volume of larger cube : volume of smaller cube : : 12' : x* 

2:1 ::i2»:a;» 

.-. 2»» = 12» 

, 12» 1728 ^^, 
.•. a» = — = -r- = 864 
2 2 

/. X = ym = ^8 X 27 X 4 = 6^4 = 905 in. Aus. 

(b) The volumes of similar solids are to one another as the 
cubes of corresponding sides. 

Let ABCD and abed be two similar solids. 
Then their sides are proportional. 

.'. AB : a6 : : BC : 6c : : DO : do 
Let AB = abx. Then BC = 6ca; ; and DO = dox. 

AB X BC X DO dbx x bcx x dox 



Then volume of ABCD = 



= («3(< 



3 
ah X he X do\ 



3 
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., 1 t n J ah X he X do 

And volume of abed = 

3 
/. Volume of ABCD : volume abed lla^ll 

A 
But JB = -— .'. a;3 : 1 : : AB3 : al^ 
ah 

/. Volume of ABCD : volume abed : : AB' : ah^ 

D 





(c) Pyramids and cones on equal bases and having equal 
heights are equal. 

Let the pyramid ABGF and the cone GKH have equal bases and be 
of the same height. 





Let area of bases = A, and height = h. 
Area of pyramid = I Ah 
Area of cone = ^Ah 
,', Volume of pyramid = volume of the cone having an equal base and 
of the same height. 
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{d) Volumes of cylinders axe as the products of the squaxes 
of their radii and their heights. 

Let V, r, and h = volume, radius, and height of first cylinder. 
And Vj, rj, and /?i = volume, radius, and height of second cylinder. 
Then V = Tr^h and Vi = icr^^h^ 

.'. V : Vi : : irr^h : irri% : : rVi : ri% 
/. Volumes of cylinders are as the products of the squares of their radii 
and their heights. 

(e) Volumes of similar cylinders are as the cubes of their 
radii, or as the cubes of their heights. 

Let V, r, and h = volume, radius, and height of first cylinder. 
And Vj, Vi, and ^1 = volume, radius, and height of second cylinder, 
liecause the cylinders are similar, 

.*. r: Till h: III 
But V = m-Vi and Vi = irri% 

:. V : Vi : : rVi : ri^n, 

•*. V : Vi : : rS : r^^, because r :7\::h: A, 
And V : Vi : : 7*3 : AjS, because r : r^ : : h : h^ 
.•. Volumes of similar cylinders are as the cubes of their radii or us the 
cubes of their heights. 

Example. — If it costs 15«. to gild a solid whose weight is 14 lbs., what will 
it cost to gild a similar solid of the same material whose weight is 24 lbs. ? 
Solids being similar, therefore the yolumes are as their weights. 

.•.v:v, :: 14: 21 or 7: 12 

Altitudes of bimilar solids are as the cube roots of their volumes (Sect. 
XXXVi. (ft)). 

.•.H:Hi::^/7:J/i2. 

Surfaces of similar solids are us squares of their altitudes or of like sides. 
HenceSrS, ::(y7>:(^l2)'' 
But cost of ftilding is as the surfaces 

/. Cost of s : cost of s, : : (v/7)2 : il/uy 
That is 15«. : cost of s, j^: (^/7;« : &2y_ 
,.CostofS, = l^^.^i^=li^^ = 21«.6K Ans. 

is^iy ^49 

EXESCISE ZXXII. 

1. The edge of a cube is 1 ft. : find the number of feet in the edge of 
anotl»er cube of double the volume. 

2. The height of a pyramid is 12 ft. ; it is required to cut off a frustum 
which shall bo one-fourth of the pyramid : find the height of the frustum. 
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8. The height of a right circular cylinder is 4 ft. : find the height of a 
similar cylinder nine times the volume. 

4. The breadth of a rectangular prism is 15 : what is the breadth of a 
similar prism twice as large ? 

5. If one edge of a prism is 5 in., and its volume is 52 cub. in., what is 
the edge of another similar prism whose volume is 27 cub. in. ? 

6. If a pyramid 14 ft. high were divided into two equal parts by a 
plane parallel to the base, what would be the height of the upper portion? 

7. A pyramid is cut into two pieces by a plane parallel to the base, 
midway between the vertex and the base: compare the sizes of the two 
pieces. 

8. The altitude of a cylinder is 20 in., and its diameter is 10 in. : what 
is the altitude of another cylinder whose solidity is twice as much, and 
whose diameter is 30 in. ? 

9. The base of a pyramid is 7^ in. square : required the base of a 
similar pyramid whose volume is to that of the former as 111 : 11. 

10. Compare the volumes of two similar prisms, the perimeters of 
whose bases are as 100 : 125. 

11. There are two similar pyramids whose volumes are 162 cub. in. 
and 384 cub. in. respectively : if the altitude of the smaller is 4 J in., 
what is the altitude of the greater ? 

12. Compare the heights of two rtctanorular solids whose bases are 
equal, and whose volumes are 10 cub. ft. and 15 cub. ft. respectively. 

18. If two cubes have the contents of the one three timas that of the 
other, and the edge of the smaller is 10 in., find the length of the edge of 
the larger. 

14. If a solid weighing 14 lbs. cost 75. 7^. to gild, what will a similar 
solid weighing llf^ lbs. cost ? 

15. What is the ratio of the volumes of two cylinders whose lateral 
surfaces are equal, and heights 10 ft. and 8 ft. respectively ? 

16. What is the ratio of the lateral surfaces of two cylinders whose 
volumes are equal, and radii 3 ft. and 4 ft. respectively ? 

17. The breadth of a rectangular solid is 12 ft. : what must be the 
breadth of a similar solid whose volume is three times as great ? 

18. The area of the base of a piismoid is 46 sq. ft., and its volume 
87*9 cub. ft.: find the solidity of a similar prismoid whose base is 
32 sq.ft.? 

19. Compare the volumes of two similar cones whose circumferences 
are res|)ectively 15 ft. and 12 ft. 

20. Compare the height of a cylinder whose radius is 5 ft. with that 
of an hexagonal prism whose side is 2 ft., the volumes of both being the 
same. 

21. A cone is cut into two pieces by a plane parallel to the base mid- 
iway between the veyrtex and the base : compare the volumes of the two pieces. 
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XXXVIIL— ON THE SPHERE. 
Definitions. 

A sphere is a golid bounded by a surface every point of 
which is equally distant i'rom a point within it called the 
centre. 

A zone of a sphere is the portion G 

of a sphere intercepted between /^TT---^ >v 

two parallel planes. Thus the solid ^j ^zr- -"--i^P 

ABCD is a spherical zone. / \ F 

A segment of a sphere is the 
portion of a sphere cut off by a « ^iti^T™ I J!>~1^"™ 

plane passing through it. Thus h — HI o ---^ 

the plane AFDK cuts the sphere 
into two spherical segments AFDG, 
AKDE. 

A sector of a sphere consists of 
a spherical segment together with E 

the cone on the plane as base, and 

whose apex is at the centre of the sphere. Thus AODG is a 
spherical sector, consisting of the spherical segment AFDG and 
the cone AKDO. 



(a) To find the surface of a sphere, radius given. 

Suppose ABCD to be a small zone of the sphere. 

It may be regarded as the frustum of 
a cone whose slant height is AB, if the 
arc AB be taken very small. 

From Section XXXV.((i), the lateral 
surface of the frustum of a cone = cir- 
cumference of its middle section x slant 
height. 
/. Lateral surface of ABCD 

= circumference at T x AB 

But TR* = radius of the section of the 
sphere at T. 

/. Lateral surface of ABCD 
= 2irTR X AB 

Draw An parallel to xy. 

Then BAn and TOR are similar triangles having AnB « TRO = each 
a right angle. 



A x: I — -> 




^^<!zi:< ly _ 


No 

1 

\ 1 

\ 1 

N. 1 
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And ATO = a right angle = ATR + RTO = ROT + RTO. 
.% ATR = ROT, and ATR = ABn 
/. ROT = ABn, and BAn = RTO 
Hence BAn and TOR are similar triangles. 
.•.TR:TO::An: AB 
But An = xy = A = the height of the frustum of the cone. 

.-. TR : TO : : /i : AB 

If the arc AB is taken indefinitely small, TO = 9* = radius of the sphere. 

.-. TR : r : : /i : AB 

.-. TR X AB = rA 

But lateral surface of ABCD = 2irTR x AB 

Substitute rh = TR x AB 
.% Lateral surface of ABCD = 2irrh 
If the number of arcs be increased so as to occupy the entire semicircle, 
then A = 2r. 
.'. Sum of all these zones = surface of the sphere = 2icr x 2r '= Avi^ 
RuLE.^Xnltiply four times the square of the radius by t. 

(V) To find the surface of a sphere, oircumferenoe and diameter 

given. 

Surface of a sphere = 2irr x 2r 

But 2iir = c, and 2r = (? 
.'. Surface of a sphere = c x d 
Rule.— Multiply the droumferenoe by the diameter. 

(c) To find the surface of a zone of a sphere, circumference of 
sphere and height of zone being given. 

Area of zone = 2»j-A 
But 2irr = c 
.*. Area of zone = c x A 
Rule. — Multiply the ciroumference of the circle by the height of the lone. 

To find the surface of a spherical 
segment, the chord of half the 
arc of the spherical segment 
being given. 

Let AD = chord of half the arc of the 
spherical segment ADB. 
Then surface of spherical segment = 2itrAd 

But 2r = AC 

.*. Surface of spherical segment = ir(AC 

X Ad) 

But AC X Arf = AD« (Euc. 11.) 

.*. Surface of spherical segment = tAD* 
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HuLE.— Multiply the iqnare of half the ohord of the arc of the tone by x. 

Note. — ^The chord of half the arc is the radius of the arc which 
generates the s^ment of the zone. 

(e) Areas of zones of spheres and of segments of spheres 
are as their heights. 

Area of segment ABD = 2irr x Ad 
„ „ BCD = 2irr X Gd 

,\ Area of segment ABD : area of segment BCD : : Ad : Cd 




(/) To find the surface of a sphere p^ 
from that of the oirciun-' 
scribing cylinder. 

Lateral surface of circumscribing 
cylinder = 2irr x 2r = 4:irr^ 
Area of two ends = 2irr^ 
.'. Total area of circumscribing 
cylinder = Gur^ 
But area of the sphere = 4irr2 
.•. Area of sphere : total area of cir- 
cumscribing cylinder : : iitr^ : 6wr^ 
.'. Area of sphere = | area of circum- ^ 
scribing cylinder 
Rule.— -Take two-thirds of the total area of the drcuinscribing cylinder. 

(g) To find the volnme of a sphere, radius given. 

The sphere may be considered to be composed of a number of small 
cones, having the diameter of their bases = AB, 
and height = r = radius of the sphere. 

Now volume of cone ABO = area of the 

base x-^ (Sect. XXXIII.) 

If the number of cones be indefinitely increased, 
the area of the bases of all the cones will ultimately 
be the area of the surface of the sphere. 

.% Volume of sphere = area of surface of 

sphere x - 
o 

But area of surface of sphere = 4in^ 

.*. Volume of sphere = 4ir?'2 x - = ' 

^ 3 3 

Rule.— Multiply the cube of the radius by four-thirds of v, 

NoTE.--Four-third8 of rr = 4-1888. 
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(h) To find the volnme of a sphere from that of the 
eirounuerihing eylinder. 

Volume of cylinder = 2irr» (Sect. XXIX.) 

4irr3 
Volume of sphere = -r- 

4irr3 
.'. Volume of sphere : volume of circumscribing cylinder : : —r- : 2irr* 

o 

.% Volume of sphere = § volume of circumscribing cylinder 
Rule. — ^Taka two-fhirdi of the Tolune of the dreiiinserihing eylinder. 

(i) Volumes of spheres are as the eubes of their radiL 

Let there be two spheres whose radii are R and r. 

Then volume of first sphere = -r — 

o 

4irr3 
And „ second sphere = -r— - 

o 

4tR3 4irr8 
.'. Volume of first : volume of second : : — — I -r- : : R' : j-^ 

3 3 



(k) To find the volume of a spherical shell. 

Let D and d = the outer and inner diameters. 

D d 
Then R and r = — and - 

Volume of the shell will equal the difiference of the volumes of the 
spheres whose diameters are D and d, 

4D3 4tcP 4TrD3 4TreP 
.-.Volume of shell = ~^ ^ ^I^^ ^ ^^s ' S^S 

6 6 e'^ ^ 

But ly^ -- d^ = (D - d)(I)^ +Dd + d") 
.-. Volume of shell = ^ (^^)(B2 + Dd + d^) 
That is, the volume of a shell equals the volume of a frustum of a cone 
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whose ends are D and d respectiyely in radios, and whose height is the 
thickness of the shell (see Sect. XXXV.). 

BuLE. — ^To the inm of the squares of the outer and inner diameters add 
the prodnet of the two diameters, then multiply this resnlt hy one-half the 
difference of the two diameters multiplied hy one-third of «-. 

Note.— One-third of ir = 1-0472. 

(Z) To find the volume of a sphere, the diameter given. 

^ ^ 4irr3 8irr3 T(2r)» i^d^ 

Volume of sphere = — - = — — = , = —r- 

00 DO 

Rule.— Multiply the cuhe of the diameter hy one-sizth of v. 
Note. — One-sixth of ir = •5236. 

(/Sec Easy Exebcjises XV.) 

EXEBCISE XZXin. 

1. Find the sur&ce of a sphere whose radius is 3^ ft. 

2. What is the radius of a sphere whose surface is 120 sq. ft ? 
8. Find the volume of a sphere whose radius is 2 ft. 6 in. 

4. Find the radius of a sphere whose volume is 3 cub. ft. 

5. Find the volume of a sphere whose surface is 100 sq. in. 

6. How many cubic inches of iron will be required to form a garden 
roller which is \ in. thick with an outer circumference of 5^ ft. and a 
length of 3i ft.? 

7. Find the surfjEuse of a sphere 25 in. in diameter. 

8. Find the radius of a sphere which contains exactly one cubic yard. 

9. What is the weight of a hollow sphere of metal whose inside 
diameter is 18 in., and thickness 2 in., given v = 3^, and that a cubic 
foot of metal weighs 7776 ozs. ? 

10. How much space will be left vacant after filling a box whose 
capacity is 1 cub. ft. with marbles each one inch in diameter ? 

11. A solid metal sphere 6 in. in diameter is formed into a tube 10 in. 
in external diameter and 4 in. in length : find the thickness of the tube. 

12. How much of the earth *s surface would a man see if he were 
raised to the height of the radius above it? 

18. If the ball at the top of St. Paul's is 6 ft. in diameter, what will 
the gilding of it cost at 3^^. per square inch? 

14. If the diameter of the earth be 8000 miles, and geologists know 
the interior to the depth of 5 miles below the surface, what fraction of 
the whole contents would be known ? 

16. A cubic foot of copper is drawn into a wire one-fourth of an inch 
in diameter : find its length. 
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16. A spherical shell whose circumference is 2 ft. weighs \% of a 
solid sphere of the same size and material: find the diameter of the 
internal cavity. 

17. At a distance of 50 miles from a tower its top just appeared 
above the horizon : find its height^ having given the earth's diameter, 
7964 miles. 

18. The weights of two globes are as 16 : 25, the weights of the 
substances composing the globes are as 15 : 9 : compare the diameter of 
the globes. 

19. If a shot 8j lbs. weight has a diameter of 3*96 in., find the 
weight of a shot whose diameter is 4*4 in. 

20. The whole surface of a globe is 78*54 sq. ft. : find its circum- 
ference. 

21. A sphere and a cube have the same surface: compare their 
volumes. 

22. A cone of silver, whose base is 18 in. in diameter and whose 
height is 4^ in., is melted and made into a spherical ball: find the 
diameter of the ball. 

28. A sphere and a cube have the same volume: compare their 
surfaces. 

24. The volume of a sphere is 11*754 cub, in. : find its surface. 

25. A cylinder 1 ft. 6 in. deep, and 2 ft. 6 in. in diameter, is filled with 
water : find the diameter of a hemispherical basin which will hold 120 
times as much water. 

26. The surface of a sphere is three times as great as that of another 
sphere : compare their volumes. 

27. A hollow sphere holds a litre: find the internal radius of the 
hollow sphere. A litre = a cubic decimetre, and a decimetre = ^ of a 
metre (39-37 in.). 

28. If the volumes of the earth, moon, and sun are proportional to 
the numbers 1, xiii) ^^^ 1404928, express the surfaces of the moon and 
sun if that of the earth be taken as unity. 

XXXIX.— ON SPHEEICAL SECTOES, SEGMENTS, 
AND ZONES. 

{a) To find the surface of a spherical sector, segment, or zone. 

From the chapter on the sphere the surfaces of sectors, segments, and 
zones can be obtained from the following : — 

Surface = 2irr x A = 2irrA (Sect. XXXVIII.) 

Rule.— Hnltlply the product of the radius of the sphere and the height 
of the seetor, segment, or tone by twice ir. 
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(&) To find the volume of a spherioal sector. 

Let ABCD be a spherical sector. 

„ RA = A = height of the arc. 

„ CA = r = radius of the sphere. 
From reasoning similar to that in Sect. XXXVIII. {g) for finding 
the volume of a sphere, it can be shown that the volume of a sector = area 

of spherical surface x - 

But area of spherical siurface = 2irr x h 

r 
:, Volume of sector = 2»rA x .7 



2ici^h 



(i.) 



But 2irr = c 

/. Volume of sector = —r- (ii.) 
o 

Rule I. — Multiply the produot of the 
square of the radius and the height of the 
arc of the sector by two-thirds of v. 

RuLK II.— Xoltiply the product of the circumference and radius of the 
sphere by one-third of the height of the arc of the sector. 




Fig. 1. 



(c) To find the volume of a spherical segment. 

Let ABED (Pig. 1) be a spherical segment. 

It is evident that the solidity of the segment ABED will be equal to 
the solidity of the sector ABCD less the solidity of the cone BCD. 
Let diameter of sphere = D = 2r. 
Let height of segment = AR = h, 

r 2irr2A 



Then solidity of sector ABCD = 2vrh x - = 



And solidity of cone BCD = 



irBR2 X CR 
3 



(Sect. XXXIII.) 



Now BR = radius of the base of the cone. 
And (JR = height of the cone. 

But CR =r — h 

And BR = V r2 - (r - h)^ 

= ^f^ - (r2 « 2rh + h^) = V2rA - h^ 



.% Solidity of c w = - (2rA - h^)(r 



h) 
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/. Solidity of segment = — (2rA — /t^) (r — K) 

2irr2A 2irr2A , ^, tA^ 

Butr=^ 
.-, Solidity of aegment = tA« (| - ^] = tA» (^^y^) 

= j(3D-2A) (ii.) 

Let BB = & = radius of the base of the segment. 
Because BR2 = 2rh - h^ 

_ BB2 + ^2 ^ 524.^2 

•*'^~ 2A " 2;i 
But solidity of segment = irA* f r — - j (See (i.) above.) 

/. Solidity of segment = icW (^^-^ - -) 

-»/352+3A2-2Aa\ 
^'^^A 6A ) 

= f (362 + ^2) (iig 

Rule I. — ^From the radius of the sphere subtraot one-third of the 
height of the segment, and moltiply this retnlt by the square of the height 
of the segment multiplied by ir. 

BuLE II.— From three times the diameter of the sphere take twice the 
height of the segment, and multiply this result by the square of the height 
multiplied by one-sixth of ir. 

Rule III. — ^To three times the square of the radius of the base of the 
segment add the square of the height of the segment, and multiply the 
result by the height of the segment multiplied by one-sixth of v, 

(d) To find the volume of a spherical zone. 

Let the sphere be cut by two parallel planes AB and CD. 
Jt is re(|uired to find tbe volume of the spherical zone A BOD. 
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It is evident that the volume of the spherical zone ABCD equals the 
difference between the volumes of the spherical segments ABO and DCO. 

Let Tj = AQ = radius of the base of 
the segment ABO. 

Let A| = OQ = height of the segment 
ABO. 

Let rj = DP = radius of the base of 
the segment DCO. A; 

Let Ag = OP = height of the segment 
DCO. 

Volume of segment ABO = V, 

Volume of segment DCO = V, 

.-. Volume of zone ABCD = V = V, - V, 

.-. V = ^ {h, (3r.« + K*) - A,(3r,« + h,^)} 

= lihW - A^n* - hW + KW + V - *»' + *»3r,« - A,3r,«) 



by adding and subtracting h^Zr^ — h^^^ 

Let R = radius of the sphere. 
Then PS = 2R - h^ 
And QS = 2R - A, 
NowOP.PS = DP2 = r22 

,-. Aj(2R - Aj) = r-a^ .-. 2RAj - V = ^2^ 

Again OQ-QS = AQ2 = r,2 

:. Ai(2R - A,) =r ri2 /. 2RAi - A^^ = r,^ 

m '•2 

/. ri«Aa - r^h^ = V^i - A,«Aa 
:. Sri^Aj - 3ra«A, = Zh^% - SAi^A^ 

Substitute this value of Zr^^h^ - Sfa^Ai in eq. (i.) 



2R = 



A3 



2R = !^^ 
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Then V = ^ {(A, - Aj)3r,« - (Aj - A,)3>-,s + A,» - Aj» + Zh^h^ - 3h^%\ 

= I {(.h - A2)3n* - (Aj - A.)3V + (Ai - V} 

= I {(/'. - A2)3ri* + (A. - A^3r,» + (A, - V} 

= ^(A, - AsXSn' + 3ra» + (A. - A,)*} 

But hi ^ 1)2 = h = height of zone 

.'. V = ^{3(ri2 + r22)+A2} 

EuLE.— -Multiply the sum of the squarei of the radii of the two endi by 
three, then add the square of the height of the zone, and mnltiply the resolt 
by the height of the cone multiplied by one-sixth of x. 

(e) From the formula y {3(r,« + r,») + A«}— that is, the volume of a zone 
—to obtain the volume of a segment of a sphere and of a sphere. 

If 7*2 = 0, the zone becomes a segment, and volume of segment 

ifh 
s= — (Srj* + A^), where h = height of the segment. 
6 

If rj =0 , and rg = 0, the zone becomes a sphere, and volume of sphere 

7 hS 

s= — X /t^ =~^i where h = diameter of the sphere. 
6 

These are the same results as were obtained for tho volumes of the 
sphere and segment respectively in Sects. XXXVII. and XXX VII I. 

EXESCISE XXXI7. 

1. Find the surface of the s^ment of a sphere which is 6 in. in 
diameter, and the height of the segment 2 in. 

2. Find the convex surface of a slice 2 ft. high, cut off from a globe 
17 ft. in radius. 

8. What is the heiglit of the segment of a sphere whose convex surface 
is 100 sq. in., the radius of the sphere being 3 ft. ? 

4. If the pressure of the atmosphere at the earth's suriace be 15 lbs. to 
the square inch, how much weight of atmosphere does the earth support? 
Take the radius of the earth as r inches. 

5. Find the surface of the segment of a sphere 2 ft. high, cut off from 
a globe of 12 ft. radius. 
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6. Find the volume of a segment of a sphere 10 ft. high, the radius of 
the sphere being 20 ft. 

7. The height of a spherical segment is 6 ft., and the circumference of 
its base 20 ft. : find its volume. 

8. In a sphere whose radius is 3 ft., find the height of a segment which 
has one-third of the surface of the sphere. 

9. From what height above the surface of the earth will one-fifth of 
the surface be seen ? Diameter of the earth = 8000 miles. 

10. The height of a zone of a sphere is 2^ ft., and the diameter of the 
sphere is 6^ ft. : find the area of the curved surface. 

11. Find the area of the surface of a zone of a sphere whose circum- 
ference is 32 ft., and the distances of the ends of the zone from the centre 
3 ft and 2 ft. on opposite sides of the centre. 

12. Find at what distance from tHe surface of a sphere an eye must 
be placed to see one-sixteenth of the surface. Diameter of the earth = 
8000 miles. 

18. At what distance is the top of the peak of Teneriffe, which is 
11,000 ft. high, visible just above the horizon, the earth's diameter being 
7964 miles? 

14. From a sphere whose radius is 3 ft. a segment is cut off whose 
convex surface is 30 sq. ft. : find the surface of its base. 

15. Find the radius of the base of a cone which has the same volume 
as a sphere whose radius is 5 ft., and the height of the cone one-half the 
radius of the sphere. 

16. Find the radius of a sphere which has the same volume as a cone 
whose height is 10 ft., and radius of base 2 ft. 

17. A sphere is 90 ft. in diameter : at what distance from the surface 
will ^ of its entire surface be seen ? 

18. Find how much of the surface of a sphere will be seen by a 
person placed ^ of the radius of the sphere from the surface. 

19. Find the volume of a spherical zone, the radii of the two ends 
being 3 ft. and 2 ft. respectively, and the height of the zone 1^ ft. 

20. Find the volume of a spherical segment of a sphere whose radius 
is 4 ft., the height of the segment being *2\ ft. 

21. Find the volume of a spherical segment, the radius of whose base 
is 2 ft., and height 1^ ft. 

XL.— EXAMPLES OF THE SOLUTION OF A FEW 
PKOBLEMS. 

1. What part of the whole surface of a sphere will bo seen from a 
height of 5 miles ? 
Let AB = 6 miles. 
Let AT ~ tangent from A» 
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It is required to find the surface of the segment TBC. 

To find BD, the height of the segment. 

Let BD = h. :. OD = r - A. 

Now ATO and TDO are similar triangles. 

/. TO : OD : : OA : OT 
,*. r : r — A : : r + 5 : r 

/. r* = (r - A) (r + 5) 
.'. r* = r^ — rA + 6r — 5A 

.*. r A + 5A = 6r /. A = - 




r + 5 
But surface of sphere : surface 

5r 
segment : : 2r : A : : 2r : —-— - 
r 4" 6 
//Surface of segment 
5r 

of surface of sphere 



of 



2r(r + 5) 
5 



of surface of sphere 



2(r + 6) 

2(r>T)P^* ^^«- 
2. The diameters of the ends of a frustum of a cone are 4 ft. and 6 ft., 
and the height of the frustum is 3 ft. It is required to divide the 
frustum into two equal parts by a plane parallel to the base. 

Let ABCD be the frustum. 
Let EGF be the plane parallel to 
the base dividing it into two equal 
portions. 

Let MK =1 height of frustum. 
It is required to find LM, the dis- 
tance of the dividing plane from AB 
the base. 

Complete the cone OAB, of which 
ABDC is the frustum. 

Then OK : KC : : OM : AM 
OK : 2 : : OK + 3 : 3 
/. 30K = 20K + 6 
/. OK = 6, and OM = 9 
Now, frustum ABEF = cone OAB 
- cone OEP 

And frustum EFDC = cone OEF 
. cone OCD 
But frustum ABEF = frustum EFDC 
Cone OAB - cone OEF = cone OEF - cone OCD 
/. 2 cone OEF = cone OAB + cone OCD 
.-. Cone OEF = i(cone OAB + cone OCD) 



% 

! \ \ 

i i \ 

/ 1 


e/^^I— . |i..— -J^F 


/ '^ 'x 



IVI 



^B 
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But these cones are similar solids 
/. They are as the cubes of like dimensions. 
Height of OEF = OL, height of OAB = 9, height of OCD = 6 
/. Cone OEF : i(cone OAB + cone OCD) : : OL' : ^^ + G') 
But cone OEF = i(cone OAB + cone OCD) 

.-. 0L3 = i(98 + 63) = 472'5 
/. OL = 7-8 nearly 
/. The plane EGF must be cut 9 - 7*8 = 1-2 ft. from the base AB. Ans. 
3. There are three similar rectangular solids which are respectively 
4 ft., 5 ft., and 6 ft. in length. The volume of the largest is 30 cub. ft. 
greater than one-third of the capacity of the other two. Find the 
volume of each of the solids. 

The volumes are as the cubes of the lengths. 
Let Si, 82,83 = the largest, mean, and least solids in volume. 
Then Si : 8a : 83 : : 6» : 53 : 4» : : 216 : 125 : 64 

Now Si : ^-^:: 216 : ^^^- :: 216 : 63 :: 24 : 7 

o o 

That is, the largest is ^ of itself larger than one-third of the sum of 
the volumes of the other two solids. 

But JJ of itself = 30 cub. ft. 
That is, JJSi = 30 cub. ft. 

„ 30 X 24 ,^ , 
.*. Si = —^^ = 42 A 

But Si : Sj : : 216 : 125 
. 81x125 42^x125 

••^*" 216 " 216 " ^' 
And Si : Ss : : 216 : 64 
. g 81 X 64 ^ 42^x64 ^ 
••^•" 216 " 216 -^^^ 
42^ cub. ft., 24|f cub. ft., and 12|f cub. ft. Ans. 



XLT.— ARTIFICEES' MEASUREMENTS. 

Various methods are used by workmen in measuring their 
work. The standard for length is the foot or yard; the 
standard for area, the square foot or square yard; and for 
solidity, the cubio foot or cubic yard. 

L Flooring, roofing, tiling, and plastering are usually 
estimated for by the number of squares of 10 ft., or 100 sq. ft, 
contained in thd area to be covered. 

The area of the roof can be found from the base measure- 
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ments if the pitch of the roof is known. The pitch is the ratio of 
the perpendicular height of the roof to the breadth of the span. 

There are three pitches in most common use. 

(a) The common pitch, where the length of the rafters meet- 
ing at the apex each equal three-quarters of the breadth of the 
building. 

Therefore area of roof = twice (| breadth x length) 

= 1^ times area of base of building 

(6) T%e Gothic pitch, where the length of the rtrfters each 
equal the breadth of the building. 

Therefore area of roof = twice (breadth x length) 

= twice area of the base of building 

(c) The pediment pitch, where the ratio of the perpendicular 
height of the roof is to the breadth of the span as 2 : 9. 

Hence length of rafters = V22 -f (f )2 = sti|i = 4.92 
.'. Length of rafters : breadth of building : : 4*92 : 9 = J8§ = ^^ nearly 

= JJ nearly 
.*. Area of roof = twice (JJ of breadth x length) 
= U of area of base of building 

II. The standard measure for brickwork is a wall of brick- 
work which has a surface of a square rod, or 272i sq. ft., and is 
one brick and a half thick. 

To find the number of standard rods of brickwork in a wall, 
it will be necessary first to divide the area of the wall in square 
feet by 272|^ ; this will be the number of rods if the wall is one 
and a half bricks thick : but if the wall be of another thickness, 
multiply this number of rods by the number of half-bricks in 
the thickness, and divide by three. 

Example. — Find the number of standard rods of brickwork in a wall 
250 ft. long, 10 ft. high, and 2} bricks tliick. 

250 X 10 t. . , , , 

- number of rods IJ brick thick 

250 X 10 5 , , , 

^^-Q. ^ Q = number of rods 2J bricks thick 

250 X 10 X 4 X 5 50000 

1089 X 3 ~ 3267 "" ^ ^^ ^''^* 

A common brick, with the mortar used for laying it, is taken 
as 9 in. long, 4^ broad, and 3 in. deep. 
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The number of bricks required to make a standard rod of 
brickwork is obtained by dividing the solid contents of a rod of 
brickwork by the volume of one brick. 

Thus 272J X IJ -4- (J X I X }) = J^^aa x g x iffi 

= 1089 X 4 = 4356 bricks 

A percentage must be allowed for waste, therefore it is 
generally taken that a standard rod of brickwork requires 4600 
bricks, when waste is allowed for. 

III. Logs of timber are usually measured by the rules given 
in the previous sections for the various solids which the logs 
of timber resemble in shape. In practice, though, simpler rules 
are substituted, which in a few cases, although not exact, are 
easily applied. 

The volume of four-sided or squared timber is usually found 
by multiplying the mean thickness by the mean breadth, and 
that by the length. 

The mean thickness or breadth is found by taking several 
measurements at equidistant points and dividing the sum of 
these measurements by the number of measurements. 

Example. — The length of a piece of timher is 24 ft., and breadth 4} ft., 
whilst the thicknesses at various equidistant points are 1 ft., 1 ft. 3 in., 1 ft 
9 in , and 2 ft. : find the volume. 

Here the mean thickness = ■- - ' = IJ ft. 

.*. Volume = 24 X 41 X IJ = 24 X 5 X g = 162 cub. ft. Ans. 

The volume of round or unsquared timber is found by 
multiplying the square of the mean quarter girth by the 



Example. — The length of a piece of timber just felled is 54 ft The equi- 
distant girths are 3i ft., 4^ ft., 5 ft., 5} ft., and 6.1 ft. : find the volume. 

TT .u '^x. 31 + 41 + 5 + 51 + 61 _^ 

Here the mean girth = — — — — = 5 ft. 

o 

.*. Mean quarter girth = j ft. 
.-. Volume = (J)2 X 54 = ff X 54 = fl^ = 84f cub. ft. Ads. 

IV. Painters usually estimate their work by the square yard, 
and glaziers by the square foot. 

Plumbers' work is charged by the cwt. or lb. for sheet lead. 
Lead piping is charged by the foot run, and varies according to 
diameter and thickness. 
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EXEBCISE XZZV. 

1. Required the cost of lining a water-cistern 3 ft. long, 2 ft. deep, 
and 2 ft. 6 in. broad, with sheet lead of 10 lbs. per square foot at 40«. 
a cwt. 

2. Find the cost of painting a door on both sides, which measures 
7J ft. by 3} ft., at 9(i. a square yard. 

8. Find the charge for plastering a room 18 ft. long, 15 ft. broad, and 
9 ft. high, the walls at 5(i. a square yard, and the ceiling at lid, per square 
yard, allowing for a door 7 ft. by 4 ft., and a fireplace 4 ft. 6 in. by 4 ft. 

4. Find the cost of a wall with a triangular gable top of 10 ft. high, 
the height of the wall being 36 ft., the breadth 24 ft.", and the thickness 
2 bricks, at 348. per standard rod. 

6. Find the cost of roofing a house of the common pitch, the length 
being 40 ft., and the breadth 35 ft., at 128. a square. 

6. If bricks are £2 58. a thousand, and 4500 are required for a 
standard rod, mortar and cartage cost 248. M, a rod, and labour £2 
58. per rod, find the cost of building a wall 272 ft. long, 18 ft. high, and 
2 bricks thick. 

7. A piece of timber which tapers regularly has one end 7 ft. in girth, 
the other end 4 ft., and is 40 ft. long : find its volume in cubic feet. 

8. A building has 63 windows ; 40 of them contain 12 panes each, 
20 in. by 16 in. ; the others contain 9 panes each, 16 in. square : find 
the cost of glazing the whole at 2«. M, per square foot. 

9. Find the cost of flooring a room 54 yds. long and 21 yds. broad, 
with planks each 13^ ft. long and lOJ in. wide, at 5^^:?. per square foot. 
Find also the number of planks required. 

10. The trunk of a tree when felled is 40 ft. long, and the girth of its 
ends is 7 ft. and 4 ft. : what is its value at l8. per cubic foot? 

11. The length of a house is 80 ft., and its breadth 35 ft. : find the 
cost of roofing it, common pitch, at 78. hd, a square. 

12. A piece of squared timber 36 ft. long tapers regularly ; at one end 
its breadth and thickness are 30 in. and 20 in. respectively, and at the 
other 24 in. and 18 in. : find the number of cubic feet. 

18. Find the number of standard rods of brickwork in a wall 125 ft. 
long, 14 ft. 8 in. high, and 2\ bricks thick. 

14. Find the cost of roofing a buildins: of the Gothic pitch at 308. per 
square, the length of the building being 120 ft., and the breadth 40 ft. 

15. The length of the roof of a house is 75 ft., and the length of a 
string stretched over the ridge from eaves to eaves is 60 ft. : find the cost 
of the roof at £2 78. Qd, per square. 

16. Find the cost of flooring two rooms at £3 158. per square, one 
room measuring 28 ft. by 16 ft., and the other 24 ft. by 15 ft. 6 ins. 
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17. Find the number of cubic feet in a felled piece of timber whose 
equidistant girths are 3 ft., 4^ ft., 6^ ft., and 7 ft., the length being 
32 ft. 

18. A building 30 ft. long and 25 ft. broad is to be covered with lead, 
the roof being of pediment pitch : find the cost of the lead^ supposing it 
to weigh 6 lbs. to the square foot and to cost 21«. per cwt. 

19. Find the number of yards of standard brickwork contained in a 
triangular gable top which is 15 ft. high, and the base of which is 20 ft., 
supposing the thickness of the wall to be 2^ bricks. 

20. What is the cubical measuremeni; in feet of a squared piece of 
timber whose length is 36 ft., and mean breadth and thickness 1 ft. 3 in. 
and 9 in. respectively ? *• 

21. What number of cubic feet is there in the trunk of a tree recently 
felled which is 48 ft. in length, and whose equidistant girths are 2i ft., 
3ift., 4^ft., andS^ft.? 

22. How many standard rods of brickwork are there in a wall 78 yds. 
long, 8 ft. high, and 2\ bricks thick? 

28. What will it cost to roof a Gothic house which is 55 ft. by 40 ft., 
at 258. a square? 

24. What will be the cost of glazing 18 windows, each containing 
12 panes of 16 in. by 12 in., at 2$, hd. a square foot ? 

26. Find the cost of lining a cistern with lead, 5 lbs. to the square 
foot, at 248. a cwt., the cistern being 8 ft. long, 4 ft. broad, and 3 ft. 
deep. 



XLIL -MISCELLANEOUS EXERCISES ON SOLIDS. 



1. Find to two decimal places the edge of a cube equal in volume to 
a sphere of 4 ft. radius. 

2. The height of a cone is 2*712 in., and its volume is 27*12 cub. in. : 
find to three decimal places the circumference of the base. 

8. A brick wall is half a mile long, 10 ft. high, 4| ft. thick at the 
bottom, and tapering uniformly to 3 ft. thick at the top : how many 
cubic yards of brickwork does it contain V 

4. A circular plate of iron weighs 4} ozs. per cubic inch; it is 
14^ in. in diameter, and 2 in. thick : find its whole weight in poimds. 

5. Find the cost of painting the convex surfaces of 5 cylindrical 
pillars, each 14 ft. high and a foot in diameter, at 8^. a square yard. 

6. A regular tapering plank 7 ft. long, ^ of an inch thick, is 8 in. 
wide at one end and 5 in. wide at the other : nnd its contents. 
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II. 

1. Find to the hundredth part of an inch the slant height of a cone 
58*9 dub. ft. in volume and 5 ft. in diameter at the base. 

2. The diameter of a sphere is 6 ft. : how many cubic feet of it must 
be removed that the remainder may form the largest cube that can be 
cut from it ? 

8. A room 11 ft. high is half as long apcain as it is wide, and its cubical 
contents are 4768J cub. ft. : find its length and breadth. 

4. Find the weight of a circular disc of cast iron 7 ft. in diameter and 
\\ in. thick, if a plate 1 ft. square and 1 in. thick weighs 37^ lbs., and the 
ratio of the diameter to the circumference be as 7 : 22. 

6. The inner diameter of a cylindrical cistern is 3 ft. 9 in. ; its depth 
is 5f ft. : how many gallons of water will it hold ? 

6. Find the volume of Pompey's pillar, the diameter of whose base is 
9 ft., and of the summit 7J ft., the vertical height being 90 ft. 

III. 

1. The height of a cone is 20 in., the circumference at the base 72 in. : 
find its volume. 

2. At 2», 6(2. a square foot, what is the cost of polishing the convex 
surface of a cylinder 10 J in. in diameter and 8 ft. long? 

8. If the volumes ot two cylinders are as 11 : 8, and their heights as 
3 : 4, and if the base of the first has an area of 16*5 sq. ft., what is the 
area of the base of the second ? 

4. From what height above the surface of the earth will one-third of 
its surface be seen ? 

6. What number of gallons of water will a tank 10| ft. long, 6} ft. 
wide, and 6 ft. deep hold ? 

6. The weights of two spheres which are solid and made of the same 
material are 512 lbs. and 729 lbs. respectively : if the radius of the first 
sphere is 16 in., what will it cost to gild the surface of the second sphere 
at \\d, a square mch ? Given w = Y. - 

IV. 

1. The capacity of a cylmarical vat is to be 7000 gals., and its 
depth 9 ft. 5 in. : what must be the internal diameter ? ir = \W, 

2. What is the length of the diagonal of a rectangular parallelepiped 
whose length is 6 ft., breadth 4 ft., and depth 2 ft. ? 

8. The perimeter of a circle is 1 ft. : find its area to the hundredth of 
a square inch. 

4. Find the volume of an hexagonal pyramid, each side of the base 
being 6 ft., and the perpendicular height 8 ft. 

6. The circumference of the earth being 25,000 miles, and the distance 
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between London and York 200 miles, to what height must a man ascend 
from one of these places in order to see the other ? 

6. The volume of a sphere is equal to that of a cube the length of 
whose edge is 1 ft. : find the surface of each. 

V. 

1. The three edees of a rectangular parallelopiped that meet at an 
angle are respectively 25 ft., 54 ft., and 160 ft. : nnd the diagonal of a 
cube which has the same volume. 

2. A tank is 20 ft. 9 in. long, 15 ft. 7 in. wide, and 6 ft. 4 in. deep : 
find how much water it will hold in cubic feet. 

8. How many gallons of water will be required to fill a cylindrical 
tank 20 ft. 2 in. deep and 21 ft. in diameter ? 

4. A right cone and a hemisphere lie on opposite sides of a common 
base of 2 ft. diameter; the cone is right-angled at the vertex: if a 
cylinder circumscribe them in this position, how much additional space 
is thereby enclosed ? 

6. To what height must a man be raised above the earth in order that 
he may see one-sixth part of its surface ? 

6. The volume of a sphere is equal to that of a right circular cylinder, 
the radius of the base of which is 1 ft., and the height 2 ft. : find the 
surface of each. 

VI. 

1. If I pay one guinea for a cubical block of marble of which the side 
measures 1 ft., what ought I to pay for another cubical block of the same 
marble of which the side is equal iu length' to the diagonal of the first 
block? 

2. Find to the nearest hundredth of an inch the radius of a sphere 
whose volume is 1 cub. ft. 

8. What must be the length of the side of a square tank capable of 
holding 2000 gals., if the depth of the tank is 5 ft. ? 

4. A cask in the form of two conic frustums joined at their bases has 
the diameter at the head 20 in. and at the bung 25 in. ; the height of the 
cask is 3 ft. 4 in. : find the weight of water required to fill it. 

6. In a spherical zone the radii of the two ends are 10 ft. and 6 ft. ; 
the altitude of the zone is 8 ft. : find the volume. 

6. The surface of a sphere is equal to that of a cube the length of 
whose edge is 1 ft. : find the volume of each. 

VII. 

1. If 30 cub. in. of gunpowder weigh 1 lb., what weight of gunpowder 
will be required to fill a cylinder which is 8 in. in internal diameter, and 
2} ft. high? 
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2. An ale-glass in the form of a conic frustum is 3| Id. in depth ; 
the diameter of the top is 2| in., and that of the bottom 1 in. : find now 
many such glasses could be filled from a gallon. 

8. Compare the surfaces of the three zones of the earth's hemisphere, 
the torrid zone extending to 23p from the equator, aud the frigid zone 
to 23^° from the pole, the temi)erate zone occupying the space between. 

4. Find the volume of a cask in gallons, the length being 47*5 in., the 
bung diameter 28*6 in., and the head diameter 26*5 in. 

6. The weights of two globes are as 9 : 25 ; the weights of the 
substances composing the globes are as 15 : 9 : compare the diameters of 
the globe. 

6. A cubic inch of brass is drawn into a wire ^ of an inch diameter : 
find the length of the wire to the nearest inch. 

vin. 

1. Water is poured into a cylindrical reservoir 20 ft. in diameter 
at the rate of 400 gals, a minute : if a gallon of water measures 
277^ cub. in., find how much the water rises in 1 min. 

2. Find the surface of a triangular prism whose length is 5 ft., and 
the sides of whose base are 6 in., 8 in., and 10 in. respectively. 

8. It is required to cut a piece equal to a solid foot from a plank 
2^ in. thick and 8 in. wide : find the length to be cut off. 

4. The convex surface of a cone is 667*6 sq. ft., and the diameter of the 
base is 8*5 ft. : find the slant height. 

6. What length of wire *16 in. in diameter can be made out of 
2 cub. in. of copper ? 

6. A sphere and a cube have the same volumes: compare their surfiEtces. 

IX. 

1. In a rectangular piece of groimd 160 ft. long and 80 ft. broad, it is 
required to make a rectangular bath 145 ft. long and 65 ft. broad ; the 
earth excavated is to be placed on the surroimding ground : what must 
be the depth of the bath in inches that the surrounding ground may be 
raised 8 ft.? 

2. It is required to put a cubical case whose volume is 4019*679 cub. ft. 
through a square hatchway whose area is 37791 *36 sq. in. : can this be done ? 

8. If Canadian elm is *725 of the weight of water, what will be the 
weight of a beam of Canadian elm 12 ft. 6 in. long, 1 ft 6 in. deep, and 
1ft. 3 in. thick? 

4. If a heavy sphere 4 in. in diameter be placed in a conical glass full 
of water, whose diameter is 5 in. and altitude 6 in., find how many cubic 
inches of water will run over. 

5. A mirror 33 in. by 22 in. is to have a frame the same area as that 
of the glass : find the width of the frame. 
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6. The solid contents of a box are 58^ cub. ft. ; the width is 5 ft. 4 in,, 
the length is three times the depth : fina the length and depth. 



1. What are the solid contents of a cylinder whose diameter is 4^ ft.^ 
and height 8 ft. ? 

2. Find the volume of an hexagonal prism which is 25i ft. long, and 
the central diagonal of its base 2^ ft. 

8. Find the area of a circular ring whose internal and external 
diameters are 5 ft. and 15 ft. respectively. 

4. The length of a hollow roller is 3 ft., the exterior diameter 2 ft., 
the thickness of the metal | of an inch : find the solid contents. 

6. A tank measuring 12 ft. by 8 ft. 10 in., and 6 ft. 6 in. deep, is filled 
with a liquid solution ; after a deposit has taken place, the clear liquid 
is drawni^ofif and found to measure 4000 gals, (gal = 277*279 cub. in.) : 
what is the value of the deposit at £2 3^. 11^. per cubic foot ? 

6. A globe 19 in. in diameter weighs 73 lbs. : what will be the weight 
of a globe made of the same material whose diameter is 38 in. ? 



XLIIL— MISCELLANEOUS EXEECISES (GENEKAL). 
C5cc Easy Exebcises XVI. A, B, C, D, E, F, G, H.) 

L 

1. Find the area of a circle traced on a sheet of paper by a pair of 
compasses whose legs are 6 in. long and contain an angle of 90^. 

2. For one inch of rainfall, what is the weight of water on an acre of 
ground ? 

8. A railway embankment across a valley has the following measure- 
ments : width at the top, 20 ft. ; at the base 45, ft. ; height, 11 ft. ; length 
at top, 1020 yds. ; at the base, 960 yds. : find its cubic contents. 

4. A lighthouse bears south-west from a ship 22} miles ; the ship thcL 
sails due west for 13^ miles, when she is due north of the lighthouse : 
how isiX oflf is the lighthouse now ? 

5. What is the value of a log of Spanish mahogany 18 ft. long, 3^ ft. 
broad, and 2 ft. thick, at Is, 6J. per cubic foot ? 

6. A well 3 ft. in diameter has a depth of water in it of 15 ft. : how 
many gallons of water are there in the well ? 

II. 

1. A circular hole is to be cut in a circular plate whose diameter is 
12 ft., so that the weight of the plate is reduced one-quarter : find the 
diameter of the hole. 
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2. A cubic foot of copper is drawn into a wire ^ of an inch in diameter : 
find its length. 

8. The distance between two towns is 54 miles, and their distances 
between the places on a map is 6| in. : find the scale to which the map 
is drawn. 

4. A river 20 ft. deep, 100 yds. wide, flows at the rate of 3 miles an 
honr : find how many tons of water run into the sea per minute, if a cubic 
foot of water weighs 1000 ozs. 

5. Find the volume of a cylinder whose radius is 4 ft., and height 
100 ft. 

6. A rectangular court is 20 yds. longer than it is broad, and its area 
is 4624 sq. yds. : find its length and breadth. 



III. 

1. A cube contains 11 cub. ft. 676 cub. in. : find the length of its 
diagonal. 

2. A rectangular garden contains 1200 sq. yds., and the length is to 
the breath as 4 : 3 : what will the fenciug cost at 38. 6d. per yard ? 

8. Find the size of the largest circular plate that can be cut out of a 
square plate of iron containing 25281 sq. in. 

4. A wall five times as high as broad, and eight times as long as high, 
contains 18225 cub. ft. : find the breadth of the wall. 

5. A hemispherical punch-bowl is 6 ft. 6 in. round the brim : sup- 
posing it to be half full, how many persons may be served from it in 
hemispherical glasses If in. in diameter at the top ? 

6. The radius of a circle is V^ in. ; two parallel straight lines are 
drawn in it, each an inch from the centre : find the area of the part of the 
circle between the straight lines. 



IV. 

1. If two cubical blocks of stone contain 8 cub. ft., and the side of the 
lesser is to the greater as 3 : 4, find the side of each. 

2. The area of a triangle is 6 ac. 2 ro. 8 po., and a perpendicular from 
one angle on the base measures 624 Iks. : find the length of the base in 
chains. 

8. The chord of an arc of a circle is 8 ft, and the height of the arc is 
2 ft. : what is the radius of the circle ? 

4. Find the number of square inches in the surface of a glass shade in 
the shape of a cylinder with a hemispherical top, the diameter of the 
shade being 12 in., and the total height to the top of the dome 2 ft. 

5. The map of a country is drawn on a scale of A- of an inch to a 
mile : what area on the map will represent a lake of 4000 acres ? 
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6. The base of a rectangular prism is an equilateral triangle with a 
side of 7 in. The height of the prism is 2 ft. : find its volnme. 



1. The sides of a right-angled triangular field adjacent to the right 
angle are 357 ft. and 476 ft. : find the length of the third side. 

2. The three diflerent edges of a rectangular parallelepiped are 3 ft., 
2*52 ft., and 1*523 ft : find the cubical contents of the box, if the material 
of which it is composed is ^ of a foot in thickness. 

8. An hexagonal pyramid whose height is 8 ft. has each of its sides 
at the base 6 ft. : how far from the top must a plane be drawn, parallel to 
the base, to divide the pyramid into two equal parts ? 

4. What is the cost of papering a square room 22 ft. 6 in. in 
length and 12 ft. 4 in. in height, with paper 2 ft. 4 in. wide, at 9(^. 
per yard ? 

5. If the number of square feet on the surface of a sphere equals 
the number of cubic feet in its volume, what number represents its 
diameter ? 

6. Find the cost of plating a cube of metal containing 2 cub. ft. 
1457 cub. in. with silver at 38. §d, per square foot. 

VI. 

1. The perimeter of a square is 1 ft. : compare its area with that of an 
equilateral triangle whose perimeter is 1 ft. 

2. The sides of three cubes have equal dififerences, their sum is 15 in., 
and the solid contents of the three cubes together are 495 cub. in. : re- 
quired the length of the side of each cube. 

8. How many marbles, each one inch in diameter, can be packed in a 
box whose internal dimensions are an exact cubic foot ? 

4. Two sides of a triangular field containing an obtuse angle are 
110 yds. and 220 yds. respectively : find the length of the third side that 
the field may contain exactly an acre. 

5. How many square feet of metal will be required to make a 
rectangular tank, open at the top, 12 ft. long, 10 ft. broad, and 8 ft. 
deep? 

6. A circular pond has an area of 34B^ sq. yds. : find to the nearest 
penny the cost of fencing it round at 48. M, per yard. 

VII. 

1. The sides of a triangular field are 10 ch., 8 ch., and 12 ch. : 6nd 
the acreage of the field. 

2. A cubical cistern contains when full 2000 cub. ft. of water : find 
the length of one of its sides to the tenth of an inch. 
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8. What quantity of metal will be required to make a hollow spherical 
ball, the external diameter being 18 in. and the thickness 4^ in. ? 

4. Find the area of a quadrilateral figure in which one of the diagonals 
is 93 ft., and the perpendiculars upon it from the opposite angles are 60'5 ft. 
and 36-7 ft. respectively. 

5. The dimensions of a rectangular box are as 2:3:4, and the 
difiference between the cost of covering it with sheet lead at 8<2. and 8^. 
is 4». 10 Jc?. : what are the dimensions of the box? 

6. What is the area of the largest circle that can be inscribed in the 
square whose area is 5499Q25 sq. ft. ? 

VIII. 

1. If the side of a cube be 2, required the side of a cube exactly 
double the contents of the former. 

2. Find the number of cubic feet in a room which is 36 ft. long, 20 ft. 
wide, and 10 ft. high to the spring of the roof, and 16 ft. from the floor to 
the pitch of the roof. 

8. Find the weight of a ball of ash wood whose specific gravity is \ 
of water, the diameter of the ball being 10 in., and the weight of a cubic 
foot of water 1000 ozs. 

4. The sum of £9 Os. lOd is allowed for papering a room 27'7 ft. long, 
19'55 ft. wide, and 12*4 ft. high : how much per yard must be given for 
a paper 2*7 ft. wide ? 

6. Find the area of the six equal feces of an hexagonal pyramid, each 
side of the base being 6 ft., and the perpendicular height 8 ft. 

6. Find the surface of a globe whose diameter is 24 in. 

IX. 

1. If the radius of a given circle is 1 ft., find to the hundredth of an 
inch the radii of the two concentric circles which divide the area into 
three equal parts. 

2. If three yards be taken from one side of a rectangle whose perimeter 
is 14 yds., and added to the other side, its area will be doubled : find the 
length of the sides. 

8. How many superficial feet of 1 in. plank can be sawn out of a log 
of timber 20 ft. 7 in. long, 1 ft. 10 in. broad, and 1 ft. 8 in. deep? 

4. Find the weight of a bombshell whose exterior and interior 
diameters are 10 in. and 8 in. respectively. Let w = ^, and the specific 
gravity of the iron be 7*21 times that of water. 

5. The walls of a room 21 ft. long, 15 ft. 9 in. wide, and 11 ft. 8 in. 
high,: are painted for £17 178. Z\d,\ find the expense of painting the 
ceiling at the same rate. 

6. A cylindrical vat 8 ft. in diameter contains 960 gals. : what is its 
depth, supposing a gallon equivalent to 275 cub. in. ? 
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1. Find to the nearest hundredth of an inch the radius of a sphere 
whose surface is 1 sq. ft. 

2. If a room 40 ft. long by 20 ft. broad contains 12800 cub. ft., what 
addition will be made to the cubic contents by throwing out a semi- 
circular bow at one end ? 

8. How many square feet of canvas are necessary for a conical tent 
whose perpendicular height is 10 ft., and diameter of the base 13 ft. ? 

4. A reservoir containing 1200 cub. ft. of water is emptied by means 
of a pipe 3 in. in diameter : if the water flows out with a velocity of 2 
miles an hour, how long will it take to empty it ? 

5. A cubical box exactly holds 125 shot, each 3 in. in diameter: 
find how many cubic inches of sand would be required to fill up the 
interstices. 

6. Find to the nearest square inch the quantity of leather required 
to cover a spherical ball 23 in. in circumference. 



XLIV.— EASY EXERCISES. 

These exercises are adapted either for mental or rapid book- 
work for the purposes of revision. 

I. — On Measurements. 



1. What is the difference between 5 sq. ft. and 6 ft. square? 
8. What is the difference between 3 cub. ft. and 3 ft. cube ? 

3. How many yards in 5 cb. ? 

4. How many chains in 4J^ miles ? 

6. How many square yards in 1 sq. oh. ? 
6. How many square chains in 1 ac. ? 

B. 

1. Reduce 450000 sq. Iks. to acres. 

2. How many acres in 7595 sq. ch.? 

8. How many acres in 375000 sq. Iks. ? 

4. How many feet in 3 ch. ? 

5. In 1 mile 5 ch., how many yards ? 

6. How many chains measure a furlong ? 
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a 

1. Multiply 17J ft. by 3? ft. 

2. Multiply 49 ft. by 12-5 ft. 
8. Multiply 25 yds. by 33 yds. 

4. Divide 795 sq. ft. by 16 ft. 

5. Multiply lOj ft. by 7 J ft. 

6. Multiply 8i ft. by 8^ ft. 

II. — On Parallelograms. 



1. How do you find the area of a parallelogram ? 

2. Find the area of a floor in square yards which measures 15 ft. by 
12 ft. 

8. How many square inches in a table 3 ft. 6 in. long and 2 ft. 1 Id. 
broad? 

4. How many acres in a field which measures 10*5 ch. by 12*5 ch. ? 

6. How many yards of carpet 1 yd. wide will cover a room 18 ft. by 
15 ft. in measurement ? 

6. What is the area of a rectangular playground which measures 
45 yds. by 25 yds. ? 

B. 

1. How do you find the area of a square? 

2. How do you find the area of a square when the diagonal is given ? 
8. Find the area of a square field whose side is 500 Iks. 

4. Find the area of a square table whose diagonal is 12 ft. 

6. A square playground is 20 yds. long : what will it cost to asphalt 
at %d, a square yard r 

6. What length of rope in yards will surround a rectangular field 
which measures 4^ ch. by 3^ ch. V 



1. Given the area ot a square, how is the length of the side found ? 

2. Given the area of a square, how is the length of the diagonal 
found? 

8. The area of a square garden Is one-tenth of an acre, find the length 
of the side in yards. 

4. The area of a square cricket-field is 2^ ac., find the length of the 
side in yards. 

5. The area of a square field is 5 ac., find its diagonal. 
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6. A room is 15 ft. square : what will it cost to carpet at Ss. 6d, a 
square yard? 

D. 

1. Given the area of a parallelogram and one side, how is the perpen- 
dicular height found? 

2. The area of a plank is 27 sq. ft., its breadth is 9 in. : find its 
length. 

8. A black-hoard of 2 sq. yds. is 4^ ft. long : find its breadth. 

4. A room whose area is 30 sq. yds. is 15 ft. broad : find its 
length. 

5. What will it cost to carpet a room 12 ft. by 18 ft. at 48. a square 
yard? 

6. A wall is 18 ft. long and 15 ft. high : find the cost of painting it at 
3d. a square yard. 



III. — On Triangles. 

A. 

1. Given the base and perpendicular of a right-angled triangle, to find 
the hypothenuse. 

2. Find the length of a ladder which will reach 12 ft high 9 ft. from 
the wall. 

8. How high will a ladder 25 ft. long reach placed 15 ft. from the 
wall? 

4. A ship sails east 30 miles, another ship north for 40 miles : how 
many miles are they then apart if they sailed from the same port ? 

5. The area of a square field is 10 acres : what is the length of tl^e 
rope in yards which will surround it ? 

6. The diagonal of a square is 15 ft. : find the area. 

B. 

1. Given the base and perpendicular of a triangle, to find the area. 

2. Find the area of a triangular field whose base is 5 ch., and 
perpendicular height 1 ch. 

8. Find the area of a triangle whose base is 15 ft., and perpendicular 
height 10 ft. 

4. Find the cost of gravelling a triangular courtyard 15 ft. long, and 
whose perpendicular breadth is 8 ft., at 5d. a square yard. 

5. How many stones 2 ft. by 1^ ft. will pave a courtyard 17 ft. by 
21ft.? 
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6; What will it cost to paper a wall 16 ft. by 12 ft., at 3rf. a square 
yard 9 

C. 

1. What is the area of a triangle whose three sides are a, &, and c? 

2. Find the area of a triangle whose sides are 4 ft., 8 ft., and 10 ft. 

3. Find the area of a triangle whose sides are 4 in., 6 in., and 8 in. 

4. The area of a triangular slab is 90 sq. ft. ; its perpendicular height 
is 12 ft. : find its base. 

5. The length of a rectangle is 9 ft., its breadth 12 ft. : find the length 
of the diagonal. 

6. The base and perpendicular of a right-angled triangle are 6 ft. and 
8 ft. : find the length of the perpendicular from the right angle on the 
hypothenuse. 

IV. — Miscellaneous. 



1. Reduce 725000 sq. Iks. to acres. 

2. Multiply lOJ ft. by llj ft. 

3. In 2 miles 3 ch. how many yards ? 

4. Find the area of the walls of a room which measures 12 ft. long, 
10 ft. broad, and 9 ft. 6 in. high. 

5. How many yards of carpet 2 ft. 3 in. wide will cover a floor 
12 ft. long by llj ft wide? 

6. The hypothenuse of a right-angled triangle is 12 ft., and the area is 
48 sq. ft. : find the length of the perpendicular on the hypothenuse from 
the right angle. 



1. A quadrilateral has two parallel sides 18 ft. and 24 ft., and 
perpendicular distance between them 14 ft. : find the area. 

2. Find the area of a trapezoid whose parallel sides are 5 ft. and 8 ft., 
and perpendicular distance between them 4 ft. 

3. A board has two parallel sides of 1 ft. 10 in. and 1 ft; the 
perpendicular width is 10 in. : find the area. 

4. The area of a square field is 1'6 ac. : find its perimeter in 
yards. 

5. What is the side of a square room equal in area to a room 25 ft. 
by 9 ft? 

6. The area of a triangle is 84 sq. yds., and the perpendicular on the 
base 42 ft : find the length of the base. 
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V. — On Cibcles. 
A. 

1. How do you fiod circumference, diameter given ? 

2. What does x represent ? 

8. If the radius of a circle is 3| ft., find the circumference. 
4. If the diameter of a circle is 7 ft., find the circumference. 
6. If the radius of a wheel is 1| 11., find its circumference. 
6. A square field is 1 ac. 1 ro.: find the radius of the circumscribing 
circle. 

B. 

1. How is the area of a circle found from the diameter ? 

2, How is the area of a circle found from the radius ? 
8. Find the area of a circle whose diameter is 3| ft. 
4. Find the area of a circle whose diameter is 7 ft. 

6. Find the area of a circle whose radius is 2 ft. 

6. Find the circumference of a circle whose radius is 14 ft. 



1. How is the diameter of a circle found from the circumference ? * 

2. How is the radius of a circle found from the circumference ? 
8. Find the diameter of a circle whose circumference is 9f ft. 
4. Find the radius of a circle whose circumference is 66 ft. 

6. Find the circumference of a wheel whose radius is 2J ft. 

6. Find the diameter of a circular cricket-ground which is one mile in 
circumference. 

D. 

1. How do you find the area of a circle from the circumference ? 

2. How many acres are there in a circle whose circumference is 
one mile? 

8. What is the area of a ring 22 yds. in circumference ? 

4. Compare the area of a circle whose diameter is 4 with a square 
whose side is 4. 

6. Compare the circumference of a circle whose diameter is 7 with the 
perimeter of a square whose side is 7. 

6. What is the area of a circular plot whose radius is 5 ft. ? 

E. 

1. How do you find the diameter of a circle from the area? 

2. How do you find the radius of a circle firom the area ? 
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8. What is the diameter of a circle whose area is 154 sq. yds. ? 
4. What is the radius of a curcle whose area is 12} sq. ft ? 
6. What b the diameter of a circle in feet whose area is 3f sq. yds. ? 
6. Compare the diameter of a circle with its circumference. 

F. 

1. How do you find the circumference of a circle from the area ? 

2. Find the circumference of a circle whose area is 154 sq. yds. 
8. Find the circumference of a circle whose area is 38| sq. yds. 
4. Find the circumference of a circle whose area is 9| sq. ft. 

6. Compare the diagonal of a square whose side is 7 ft. with the diameter 
of a circle of 10| ft. radius. 

6. What is ^e side of a square field containing 10 ac. ? 

G. 

1. How do you find the area of a circular ring ? 

2. What is the area of a ring whose outer and ioner diameters are 
22 in. and 8 in. ? 

8. Find the area of a ring whose outer and inner diameters are 28 ft. 
and 14 ft. 

4. Find the area of a road 1 ch. broad round a circular plantation 
whose diameter is 24 ch. 

6. Find the diagonal of a square whose area is 50 sq. ft. 

6. The radius of a carriage-wheel is 1} ft. : how many times will it 
turn round in travelling 2 miles? 

VI.— On Sectors. 

A. 

1. What is a sector of a circle ? 

2. How do you find the area of a sector from the length of the arc and 
radius of the circle ? 

8. Find the area of a sector whose radius is 5 ft, and length of arc 
14 ft. 

4. Find the area of a sector the length of whose arc is 14 yds., and 
radius of the circle 2\ yds. 

6. Find the area of a sector whose arc is 16 ft. long, and the radius of 
the circle 12^ ft. 

0. The radius of a quadrant is 7 ft. : find the area. 

B. 

1. What is the area of a sector of a circle whose arc contains 126% and 
the radius of the circle 5 ft. ? 
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2. What is the area of the sector of a circle whose arc contains 140°, 
and the radius of the circle 6 ft. ? 

8. What number of degrees is there in a sector of a circle whose radius 
is 7 ft., and length of the arc 11 ft. ? 

4. What number of degrees is there in a sector of a circle whose radius 
is Ij ft., and length of arc 3§ ft. ? 

6. What is the area of a circle a sector of which, having an angle of 
36°, contains 12 sq.ft.? 

6. Find the area of a semicircle whose radius is lOJ ft. 

VII.— On Chords and Segments. 

1. What is a chord ? 

2. What is a segment ? 

8. What is the length of the chord of a circle 3 in. from the centre, 
the radius being 5 ft. ? 

4. What is the radius of a circle in which a chord of 6 ft. is 4 ft. from 
the centre? 

5. What is the radius of a circle of which a chord is 8 ft., and the 
height of the arc 2 ft. ? 

6. What is the radius of a circle when a chord of 8 ft. has the height 
of the arc 4 ft. ? 

VIII. — On the Ellipse. 

1. How do you find the area of an ellipse ? 

2. Find the area of an ellipse whose diameters are 10 ft. and 7 ft. 

8. Find the area of an ellipse whose semidiameters are 7 ft. and 6 ft. 

4. Find the area of a field in the form of an ellipse whose diameters 
are 10 ch. and 14 ch. 

5. Find the area of an ellipse whose semidiameters are 10^ ft. and 8 ft. 

6. Compare the area of a circle whose radius is 7 ft. with an ellipse 
whose semidiameters are 7 ft. and 6 ft. 

IX. — Miscellaneous. 

1. Find the area of a square field whose diagonal is 16 ch. 

2. The area of a square table is 4 sq. ft. 49 sq. in. : find the length of 
the side. 

8. Find the cost of carpeting a room 18 ft. by 24 ft. at 25. Sd, a 
square yard. 

4. What is the diameter of a circle whose circumference is 33 ft. ? 

5. Find the side of a square equal in area to a rectangle 18 ft. by 8 ft 

6. What is the area of a square field whose diagonal is 10 ch, ? 
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X. — On Standabds of Capacitt. 

1. What is the weight of a gallon of water ? 

2. What is the cahic measurement of a gallon ? 
8. What is the weight of a cubic foot of water ? 
4. How many gallons make a cubic foot of water ? 
6. What is the weight of a pint of water ? 

6. What are the cubic contents of a pint of water ? 

XL — On the Paballelopiped. 
A. 

1. What are the solid contents of a 4-ft. cube? 

2. What is the whole surface of a 4-ft. cube ? 

8« What weight of water will a 2-ft cubical cistern hold? 

4. What are the contents of a box 3 ft. by 2 ft. by \\ ft. ? 

5. Find the whole surface of a box 3 ft. by 2 ft. by 1} ft. 

6. The surface of a cube is 216 sq. yds. : find the length of one side. 

B. 

1. A tank measuring 1680 cub. yds. is 20 yds. long and 14 yds, 
broad : find its depth. 

2. How many cubic feet of air are there in a room 20 ft. by 12 ft. and 
10 ft. high? 

8. What size cube contains 1000 cub. in.? 

4. A log of wood of 60 cub. ft. is 20 yds. long, | ft. wide : find its 
thickness. 

5. How many gallons will a cistern 6 ft by 2^ ft. by 2 ft. deep hold? 

6. What is the weight of water in a cistern 3 ft. by 2 ft. and 2 ft. 
deep, when it is full? 



1. How many pieces of wood, each 3 in. by 2 in. by 4 in. thick, 
can be cut from a cubic foot ? 

2. What is*the cost of 3 pieces of wood, each 16 ft. by 1 ft. and \\ in. 
thick, at 2«. 6(i. per cubic foot ? 

8. What weight of water in tons will a reservoir hold which is 16 yds. 
by 14 yds. and 10 ft. deep ? 

4. How many blocks, each 3 in. by 2 in. and 2 in. deep, will fill a box 
\\ ft. by 1 ft. and 6 in. deep? 

5. What is the total surface of a box which is 3 ft. by 2 ft. by 2^ ft deep? 

6. What must be the depth of a cistern 5 ft. by 4 ft., to hold 250 gals, 
of water ? 
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XII. — On Pbisms and Ctlindebs. 

1. How do you find the volume of a prism ? 

2. Find the volmne of a triangular prism whose sides at base are 3 lu^ 
4 in., and 5 in., and perpendicular height 2 ft. 

8. Find the volume of a cylinder whose diameter is 3^ ft., and height 10 ft. 

4. Find the cost of sinking a well 7 ft. in diameter, 33 ft. deep, at 
7 cub. ft. for U. 

5. How many gallons are there in a well 3| ft. in diameter, having a 
depth of 20 ft. of water ? 

6. Find the volume of a prism whose area at the base is 5 sq. ft., and 
height 2 ft. 6 in. 

XIII.— On CJonbs and Pyramids. 

1. How do you find the solidity of a cone? 

2. Ck)mpare the volumes of a cone and cylinder having the same base 
and perpendicular height. 

8. How do you find the slant height of a cone, having given the 
perpendicular height and radius of the base ? 

4. How do you find the upright surface of a cone ? 

5. Find the volume of a cone whose base is 100 sq. in., and whose 
height is 1^ ft. 

6. Find the volume of a square pyramid whose side is 4 ft., and 
height 12 ft 

XIV. — Miscellaneous. 

1. Find the slant height of a cone the diameter of whose base is 
30 ft., and perpendicular height 20 ft. 

2. Find the upright surface of a cone the circumference of whose base 
is 27 ft., and slant height 50 ft. 

8. What is the circular surface of a cylinder whose diameter is 7 ft.i 
and perpendicular height 20 ft. ? 

4. What is the volume of a cone, the diameter of the base being 7 ft., 
and height 30 ft.? 

5. Find the volume of a triangular pyramid the sides of whose base 
measure 3 in., 4 in., and 5 in., and whose height is 15 in. 

6. How many tons of water will a cylinder hold whose diameter is 
7 ft., and height 20 ft.? 

XV.— On the Sphebe. 

1. How do you find the volume of a sphere? 

2. Compare the volume of a cube with that of a sphere whose diameter 
equab the side of the cube. 
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8. Compare the volumes of a sphere and its circumscribing cylinder. 

4. What are the contents of a sphere whose diameter is 3| ft. ? 

5. Find the contents of a sphere whose radius is 1 ft. 

6. Compare a cube of 1 ft. and a sphere whose diameter is 1 ft. 



XVI.— Miscellaneous. 

A. 

1. Compare the areas of two similar triangles whose bases are 3 in. 
and 4 Id. respectively. 

2. Compare the volumes of two spheres whose radii are respectively 
3 in. and 4 in. 

8. Compare the areas of two squares whose sides are respectively 3 in. 
and 4 in. 

4. Compare the volumes of two cubes whose sides are respectively 

3 in. and 4 in. 

5. Compare the volume of a cube whose diagonal is 3 with a sphere 
whose diameter is 3. 

6. Compare the volumes of two similar solids whose perpendiculars 
are 2 ft. and 3 ft. respectively. 

B. 

1. A triangle has a base of 50 in. : find the length of a line parallel to 
the base which divides the triangle equally. 

2. A triangle has a base 50 : find the lengths of two lines parallel to 
the base which divide the triangle into three equal parts. 

3. Find the surface of a cube whose side is 3 ft. 

4. Find the surfEtce of a sphere whose diameter is 3 ft. 

5. Find the canvas required to make a conical tent 8 ft. high, whose 
diameter at the base is 12 ft. 

6. How far can you see at a height of 5 miles, supposing the diameter 
of the earth = 8000 miles? 

C. 

1. How do you find the area of a rhombus ? 

2. Find the area of a rhombus whose diagonals are 7 ft. and 10 ft. 
8. Find the area of an equilateral triangle whose side is 5 ft. 

4. Find the area of an hexagon whose side is 1 ft. 

5. Compare the areas of two similar regular polygons whose sides are 

4 ft. and 5 ft. respectively. 

6. The area of a polygon whose side is 5 ft. is 85 sq. ft. : find the area 
of a similar polygon whose side is 3 ft. 
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D. 

1. If 1 sq. in. represents a square yard, what is the scale of the 
plan? 

2. If 1 sq. ft. represents 10 ac., what is the scale ? 

8. The sides of a rectangle are as 2 : 3, and the area is 150 : find 
the sides. 

4. A field of 1 ac. is represented on a plan by 1 sq. in. : what is the 
scale? 

5. Ck)mpare the areas of a square and hexagon whose perimeters are 
equal 

6. How many plots, each 22 yds. square, can be made from 3 ac. ? 

E. 

1. What is the side of a square whose area is 6*25 sq. ft. ? 

2. Find the area of a square whose diagonal is 6 ft. 

8. Find the area of the walls of a room 13 ft. 6 in. by 12 ft. 6 in., and 
10 ft. high. 

4. Compare the perimeters of a square and equilateral triangle of 
equal areas. 

5. How many square yards of carpet will cover a room 15 ft. by 
12 ft.? 

6. What is the area of a circle whose radius is 2^ ft. ? 

F. 

1. What is the volume of a cylinder 7 ft. radius and 10 ft. high ? 

2. What is the diameter of a circle whose area is 154 sq. yds. ? 

8. Find the area of a circular ring whose inner and outer diameters 
are 8 ft. and 6 ft. 

4. An elliptical flower-bed has its conjugate diameters 14 ft. and 10 ft. : 
find its area. 

5. What is the surface of a sphere whose radius is 7 ft. ? 

6. What is the total surface of a cone whose radius is 3 and slant 
height 11? 

G. 

1. Compare the volumes of two globes, one having a diameter of 2 ft.> 
the other a circumference of 2 ft. 

2. Fmd the cost of painting the ceiling of a room 15 ft. by 18 ft., at 2«. 
a square yard. 

8. Find the slant height of a cone whose perpen^cular height is 12 ft», 
and diameter of the base 18 ft. 

L 
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4. Compare the surfaces of a cube whose side is 1 ft. and of a sphere 
whose diameter is 1 ft. 

5. Find the volume of a square pyramid whose base is 3 ft. square, and 
height 10 ft. 

6. A map is drawn ^ of an inch to a mile : how far apart are two 
places which on the map are 3^ in. apart ? 

H. 

1. Find the area of the walls of a room 14 ft. by 16 ft., and 12 ft. 
high. 

2. A square field has a side of 100 yds. : how far is it from one comer 
to the opposite one ? 

8. Find the lateral surface of a cone whose radius is 10^ ft., and slant 
height 14 ft. 

4. Find the area of a circular cricket-ground whose diameter is 21 ch. 

5. How many plots, each 11 yds. square, are there in \\ ac. of 
ground? 

6. How many times will a wheel whose radius is If ft. turn round in 
travelling one mile ? 

I. 

If a room is 15 ft. long, 14 ft. wide, and 10 ft. high, find— 

1. Area of the floor in square yards. 

2. Length of the walls in feet. 

8. Area of the walls in square yards. 

4. Cost of covering the floor with carpet a yard wide, at 3«. 6c?. a 
yard. 

5. Cost of colouring the walls and ceiling, at 4(?. a square yard. 

6. Cost of covering the floor with carpet 2 ft. 3 in. wide, at 4j;. 6d a 
yard. 

K. 

1. Find the surface of a globe whose radius is 3J ft. 

2. Find the volume of a sphere whose diameter is 1| ft. 

8. What is the surface of the segment of a sphere whose radius is 7 ft., 
and height 3 ft.? 

4. What will it cost to gild the surface of a ball 7 in. in diameter at 
1.9. 6c?. a square inch ? 

6. Find the volume of a spherical segment of a sphere whose radius 
is 3^ ft., and height 1^ ft. 

6. What must be the diameter of a sphere that its surface may be 
616 sq.ft.? 
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XI^V.— ON THE RATIO OF THE AREA OP A REGULAR 
POLYGON TO THE SQUARE ON ITS SIDE. 

In Section X. (a), p. 24, the area of a polygon is found from 
the side and the radius of the inscribed circle. 

Without knowing the radius of the inscribed circle, the area 
of the polygon may be found from the length of one of the sides. 

It has been shown (Sect. X. (6)) that the area of a hexagon 
equals the square of the length of one of its sides multiplied by 
2-698. Also, in Sect. VIII. (e), that the area of an equilateral 
triangle equals the square of the length of the side multiplied 
by -433. 

It can be shown that the area of any polygon bears a 
constant ratio to the square on one of its sides. 

The following table gives the ratio of the area of the 
polygons named to the square on one of its sides : — 



Number of 


Name. 


Ratio of area to 


sides. 




square on the side. 


3 


Equilateral triaDgle 


•433 


4 


Square 


1- 


6 


Pentagon 


2-72 


6 


Hexagon 


2-598 


7 


Heptagon 


3-634 


8 


Octagon 


4-828 


9 


Nonagon 


6-182 


10 


Decagon 


7-694 


11 


Undecagon 


9-366 


12 


Duodecagon 


11197 



Thus, if the length of a side of any given polygon be given, 
the area of the polygon can be found by multiplying the square 
of the length of the side by the given ratio for that polygon 
in the above table. 

Example. — ^Find the area of a rep;iilar nonagon whose side is 5 in. 
Area = .5« x 6182 

= 25 X 6 182 = 154-5 sq. in. Ana. 
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XLVL—ON THE RATIO OF THE EADIUS OP THE 
INSCRIBED CIRCLE IN A POLYGON TO THE SIDE 
OP THE POLYGON. 

It has been shown in Section VIII. (e) that the perpendicular 
from the apex to the opposite side of an equilateral triangle 

equals the length of the side multiplied by — ' Therefore the 

radius of the inscribed circle in a hexagon equals the length of 
the side of the hexagon multiplied by •866. 

It can be shown that the radius of the inscribed circle in a 
polygon bears a constant ratio to the side of the polygon. 

The following table shows the ratio of the inscribed circle 
to the side of the polygon : — 



Namber of 


Name. 


Ratio of ndiiu of inscribed 


iides. 


circle to side of polygon. 


3 


Equilateral triangle 


•2887 


4 


Square 


•6 


6 


Pentagon 


•6882 


6 


Hexagon 


•866 


7 


Heptagon 


1-0383 


8 


Octagon 


1-2071 


9 


Nonagou 


1-3737 


10 


Decagon 


1-5388 


11 


Undecagon 


1-7028 


12 


Duodecagon 


1-886 



Thus if the length of the side of a polygon be given, the 
area of the pjolygon can be found by Section X. (a), for the 
radius of the inscribed circle will be the length of the side of 
the polygon multiplied by the given ratio. 

Sxailiple.*»FiDd the area of a regular nonagon whose side is 5 in. 
Length t>f radius of inscribed circle = 5 x 1*3787 

5 X 9 X 5 X 1-3737 

Area of nonagon ^ 

2 
s: 154*5 sq. in. Ans. 
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XLVn.— TABLE OP FORMULA. 

1. Biglit-«ngl«d triangle, h = VV* + h\ 

2. Square. (i.)A = *2. (ii.)A = ^. 
8. Beotangle. A = Z x &. 

4. Bhombiu. A = -^— — ^, where d^ and cfg are the diagonals. 

6. Triangle, (i.) A = — -r— ; (ii.) A = V«'» — a»» — 6«» — c, where 
2 

a, &, c are the three sides, and s = r • 

«* /- 

6. Equilateral triangle. A = j v 3. 

7. Polygon. A = , where » = number of sides, s = length 

of side, and r = radius of the inscribed circle. 

8. Begnlar hexagon. A = — - — • 

2 

9. Similar rectilineal flgnres. (1.) Corresponding sides are propor- 
tional, (ii.) Areas are as the squares of corresponding sides. 

10. Chords of circlet. Chord of whole arc = 2^h(d — h), where 
h = heig ht o f segment, and d = diameter of circle ; chord of half the 
arc =. v2rA. 

11. Oirde. Circumference = 2wr ; A = xrK 

18. Cironlar rings. A = ir(R + r) (R — r), R and r being the ex- 
ternal and internal dianaeters respectively. 

Ir 
18. Sectors. A = ~- , where I = length of arc, and r = radius of circle. 

14. Ellipse. A = inT^, where r and rj are the semi-diameters. 

16. Cube. V = «3 ; S = 6«2; Diagonal = «V3. 

16. Parallelepiped. V = Z&A ; S = 2Qh + ZA + U). 

17. Prism. V = A x A, where A = area of base. 

18. Cylinder. V = in-^A ; lateral S = 2irrA ; total S = 2irr(^ + r). 

19. Circular rings. V = ^C - cf (D + d). 

20. put ring. V = ^(D« - d^). 
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«, ^^ *3 T X 1 « perim. x slant h _ area of base x % 

21. Pyramid. Lateral S = ^- ; V = 

2 3 

22. Cone. Lateral S =irrA; total S = itrir + h\ where }i, = slant 
height ; V = — - > where h = perpendicular height. 

23. Fmtta of pyramid. Lateral S = (perimeter of base + perimeter 
of top) X — — ; V = — (Sx + VSjSj + Sa), where h = perpendicular 
height, and S^ and Sj areas of base and top respectively. 

24. Fnurta of eohes. Lateral S = irh(R + r) ; total S = t{R« + rs 
+ /i(R + r)}, where h = slant height; V = -r-ivi^ + rir2 + r^\ where 
h = perpendicular height. 

25. Cask. V = ^(3R2 + Rr + 2r2), where h = height, R = bung 

radius, and r = end radius. 

dh • 

26. Wedge. V = — (e + 26), where d = breadth of base, b = length 

of base, e = edge, and h = height. 

27. Frismoid. V = -(4A + db + mn\ where A = area of mean 

o 
section, db = area of base, mn = area of top. 

28. Similar rectilineal solids, (i.) Volumes are as cubes of correspond- 
ing sides, (ii.) Volumes of similar rectilineal solids are as the products 
of their dimensions. 

29. Sphere. S = 4irr2; V =-^"- 

o 

80. Zone. S = c x A = 2irrh, where h = height of zone ; V = 
" {3(ri2 + ra^) + A^}, where rj and r^ = radii of two ends. 

81. Spherical ihelL V = ^(^" ^) (J)^ ^Bd + d^, where D and 

d are diameters of the outer and inner circumferences of shell. 

2'irr^h 

82. Spherical sector. S - 2irrh; V = — - — • 

o ■ 

88. Spherical segment. S = 2wrh, V = (l)irh^[r - « V 
(ii.) ~-(3D - 2h) ; (iii.) j(36* + h^ where b = radius of base. 
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XLVIIL— METHODS OF SOLUTION. 

In the solution of the more difficult problems in mensuration, 
time and trouble may be saved by a judicious choice of methods. 
The following suggestions are offered as an assistance to 
students : — 

I. Draw a figure, in order to get a clear grasp of the 
meaning of the question. 

II. Obtain the final result by using multiplying fractions 
without any intermediate reasoning on paper. 

III. Do not commence the arithmetical calculation until 
the final result has been obtained as a complex fraction. 

IV. Do not insert the value of ir until this final stage is 
reached. 

Y. Use contracted methods in multiplication and division, 
square and cube root. 

VI. Use logarithm tables whenever time may be saved in 
doing so. 

VII. Do not confuse raditis and diameter of a circle, slant 
height and height^ volume and surface, etc. 

Vin. Employ the same unit of measurement throughout 
the calculations. 

IX. Prefer decimals to ordinary fractions, and short division 
to long. 

X. Discard all small quantities which do not affect the 
required accuracy of your answer. 

XI. Apply rough tests to see if your answer is approxi- 
mately correct ; and see if the answer is senbible. 

Some remarks and examples are added to illustrate these 
rules. 

I. In denoting lengths, the abbreviations, such as 2\ 3" (two 
feet, three inches), will be found useful. When a portion of a 
line is denoted, the length may be specified as follows : — 



-J'l. 



II. The method of using multiplying fractions is illustrated 
in this example : — 

Find the contents of a mug in the shape of a frustum of a cone, 4j in. 
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high, with the diameter of the top and base 3 in. and 5 in. : given that 1 ga). 
of water weighs 10 lbs., and a cubic foot of water weighs 1000 ozs. 

The volume of the mug = ^ x |{ir(?)' + x| x ? + t(?)} 

-|'xfoub.in. 

3 X 22 X 49 X 1000 X 8 . 
hence it contains 2-^7^r4x"l728 x 16 x 10 P*°** 

= 1-671 pintsL 
For, after cancelling, 

8)7700 
12)962-5 
12 )80-208 
4 )6-684 
1-671 



In this example the volume is divided by 1728 to obtain 
cubic feet, multiplied by 1000 to obtain ounces, divided by 16 
to obtain pounds, divided by 10 to obtain gallons, multiplied by 
8 to obtain pints. 

III. The obvious advantage of this method consists in the 
increased chance of numbers cancelling; and it is also easy 
to check the accuracy of the reasoning. The above example 
serves as an illustration. 

IV. The value inserted for tt is necessarily approximate, and 
^ere is increased accuracy when tt is cancelled without sub- 
stitution for its value. Of course, this can only be done occa- 
sionally, but in all cases there is trouble saved by inserting 
the value of ir in the final stage. 

Example. — Five hundred spherical bullets ^ in. in diameter, are recast 
as a cone whose height is equal to the diameter of the base : find the height 
of theoone. 

Let X equal the height of the cone. 



.•.|.7r.^' = 500x^7r(|y 



.-. «» = 125 

a; = 5 in. 



V. Contracted methods are explained in all good text-books 
on arithmetic, but elaborate details are not required in applying 
these rules. 

In multiplication, work from the left of the multiplier, and 
move successive rows to the right. Use your own judgment as 
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to where contraction may begin, then out off figures of the 
multiplicand irom the right, and keep the right-hand figures of 
the rows in a straight line. Always carry forward the figure 
derived from the digit last cut off. The position of the 
decimal point can be readily determined by considering what 
are the approximate numbers which are being multiplied 
together. 

Szample.— Multiply 320*89756 by 35 342 to three places of decimals, 

320-8d!r66 
35-342 



16044878 

962692 

128359 

6418 

113411615 
A margin of safety has been allowed, but the last figure 
cannot be relied upon with certainty. The decimal point was 
inserted by noticing that 300 was to be multiplied by 35, 
roughly speaking ; so that the answer should be rather above 
10,500. 

In division, the last figures of the divisor are cut off in 
succession, taking care that sufficient accuracy is obtained. 
The figure obtained from the last digit cut off must be brought 
forward in tho various products of the divisor. 

Bsample.— Divide 113411615 by 35*342 to four places of decimals. 
36542)11341161*5 (320*89756 
106026 



78856 
70684 

.817215 
282736 

34479 
31808 

2671 
2474 

197 
176 
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Square root, — Consider the total number of digits required 
in the ianswer, add one or two to this number, and divide by 2. 
When the number of digits in the quotient is equal to this 
result, the remaining digit can be obtained by ordinary con- 
tracted division. In short, after the square root is half finished, 
the work is completed by division. 

Ezampla.— Find the square root of 1187*562058 to six places of decimals. 
In tliis case eight figures are required in the quotient, and contracted 
division can be used after proceeding to five figures in the quotient. 

118?'562058 (34-4610223 
9 

64)287 
256 

681) 3156 
2736 

6886) 42020 
41316 



68d21) 70458 
68921 



1537 
1378 

159 
138 

21 



Cube root — It is best to use logarithms whenever tables are 
at hand; otherwise Horner's method is the best. A fairly 
rapid and easy rule may be used in mensuration, which is 
deduced from the algebraical formula — 

(a + by = a» + 3o*6 + dab'- + t» 

After three or four figures have been obtained in the 
quotient, the next two or three digits can be obtained by 
ordinary division. A brief summary of the rule is given for 
reference. 

Divide the digits into groups of threes from the right and 
left of the decimal point. Find the number whose cube is the 
nearest below the first group, and place it in the quotient. 
Cube and subtract from the first group, and bring down the 
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Recond group. Take the quantity in the quotient, multiply it 
by 30, and put in a column on the left. Square the quantity 
in the quotient, multiply it by bOO, and place it in a middle 
column. The latter is called the trial divisor; and if we 
suppose that it goes four times, the 4 is written under the 
first column, and added to the line just above. Multiply the 
result by 4, and place it under the middle column; add, and again 
multiply by 4, and place it under the main column. Subtract, 
and repeat the whole process with the total quotient. As the 
trial divisor is reinforced from the left column, there is a 
tendency to over-estimate the new figure added in the^quotient. 



Example.— Find the cuhe root of 31875-8972. 
31876 89?2 (31-3727 
27 


90 2700 
1 91 


4875 


91 2791 


2791 


930 288300 
3 2799 


1084897 


933 2910dd 


. 873297 




211600 
203769 




7831 

5822 




2009 




Ans. 31-373 



VI. The student who has done trigonometry is advised to 
use logarithm tables freely, but any explanation would b© 
beyond the scope of this work. In many results, corrections 
for differences will be found unnecessary, and five-figure 
logarithms will be generally sufficient. 

VII. More errors occur from avoidable blunders in calcula- 
tion than from any other cause. Care should be taken to note 
whether the radius or diameter of a circle is given ; to dis- 
tinguish between height and slant height in a cone ; to avoid 
confusion between yal*ds, feet, and inches ; to be clear whether 
a magnitude is measured in linear^ square, or cubic measure. 
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All areas and surfaces must be expressed in square, tod all 
volumes in cubic measure. The former involve the square of 
the unit of length, and the latter the cube. Observation of the 
dimensions of the units in various expressions form a useful 
check on the accuracy of reasoning and result. 

VIII. It is well to decide at the outset on the unit of 
measurement which is most convenient under the circumstances, 
and to employ it rigorously throughout. 

IX. Short division and the use of decimals generally con- 
duce to a saving of labour. Such answers as SssmjJ and 
618|fJ| gals, should be avoided. The former should be given 
as £581 4s. 4-8d, and the latter as 518*623 gals. 

X. Extreme accuracy in an example when an approximate 
value of TT, such as y, has been taken, is an absurdity. This 
value of TT introduces an error of 1 in 2500. In all cases the 
student should use his judgment as to whether he is exceeding 
the degree of accuracy required. The use of recurring decimals 
in an approximate answer should be avoided. 

XI. If an answer is palpably absurd in its chai*acter, it is 
best to glance quickly through the previous work to find the 
mistake. If the error is not obvious, or if it is in an early 
stage of the calculation, it is nearly always quicker to re- 
commence the question entirely afresh, and, if possible, to vary 
the method employed. 



HARD EXERCISES. 

1. A sheet of paper measures 18 in. by 8 in. ; it is rolled into cylinders 
with the length and breadth alternately forming the perimeter : compare 
the volumes of the two cylinders thus formed. 

2. What sized pipe should be used with a 6-in. pipe to take off the 
flow from a 10-in. pipe ? 

8. If a mile equals 1609'33 metres, find the number of square metres 
in 1\ ac. 

4. The number of cubic feet in a cubical box is half the number of 
square feet of surface ; find the volume of the box, 

5. Find the amount of copper required for a submarine cable, if the 
length be 500 miles, and the thickness of each of the five strands of the 
central wire be \ in. 

6. Water flows from an inch pipe with the velocity of 4 ft. a second : 
find the discharge in gallons per hour. (1 cub. ft. of water weighs 1000 ozs. ; 
1 gal. of water weighs 10 lbs.) 
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7. A spherical lump ot roctal 12 Id. in diameter is cast into a conical 
mould whose height is 9 in. : find the diameter of the base of the cone. 

8. Divide a straight line 12 ft. long into two paris, so that the square 
on one part equals the rectangle contained by the whole line and the 
other part. 

9. A stack is to be built on a rectangular base measuring 25 ft. by 
18 ft., and it is to be 10 ft. to the eaves and 18 ft. to the top: find the 
difference between the contents when the top ends in an edge from end to 
end of the stack, and when it goes to a point. 

10. A cylindrical vessel full of water is 10 in. high and 4 in. in diameter : 
how high will it fill a cube with an 8-in. edge ? 

11. Three posts of equal height are placed in a row at intervals of a 
mile along a straight canal: prove that the middle post is 8 in. higher 
than the line joining the tops of the other posts. (Radius = 4000 miles.) 

12. Find approximately the length of paper which can be rolled 
tightly into a cylinder 6 in. in diameter, if the paper is 0*004 in. thick. 

13. A triangular area on a map has its sides 2*5, 1*7, 1*6 in.; the 
scale is 6 in. to a mile : find the area of the triangular tract in acres. 

14. A thin metal sheet, 2 ft. square, has equal squares cut from the 
comers, and the flaps are bent up to form an open box; the four squares 
are joined up and just form a lid : find the volume of the box. 

16. A balloon is hemispherical above and conical below ; its diameter 
is 18 ft. and its total height is 21 ft. : find its capacity in cubic feet. 

16. Which are the cheaper — cylindrical candles 1 in. in diameter and 
6 in. long at 40 a shilling, or candles of the same material | in. in diameter 
and 8 in. long at 3 a penny ? 

17. A segment of a sphere is 2 in. high, and its base is 10 in. in 
diameter : find its volume and total surface. 

18. Find the volume of a gas-pipe 10 ft. long, with external and 
internal radii of 1 in. and ^ Id. 

19. Two circles of radii 8 in. are described as in Euc. I. 1 : find the 
area included between them. 

90. Two points on a line of metals on a railway are 20 yds. apart, and 
a point on the rails midway between them is 10 in. from the line joining 
them : find the radius of the curve. 

21. Find the error per cent, in taking ^ - ^f; instead of 3*14159..., 
(1) in finding the area of a circle, (2) in finding the volume of an 
anchor ring. 

22. A cone, whose slant height is 1 ft. and diameter 8 in., has its 
Vertex fixed, and is then rolled round on a table : how many times will 
the cone turn on its axis when it has made 100 revolutions round its 
Vertex? 

23. Find the height of a right cone in a Spherical shell of 5 in. radius,* 
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if the diameter of the hase of the cone is 6 in., and the vertex touches the 
top. Deduce the yolume hetween the sphere and cone. 

2M. Find the volume of a regular tetrahedron '^ if each edge measures 
2 in. 

25. A cylindrical vase is 8 in. high and 4. in. in diameter, but a 
conical projection rises from the base, and this is 2 in, high and 4 in. in 
diameter : find the cubical contents of the vase. 

26. A pony is tethered by a rope to a comer of a triangular field, and 
the adjacent sides are 160 yds. and 200 yds. ; the sides include half a 
right angle, and the rope is 40 yds. long: find the area of the field 
imgrazed by the pony. 

27. The weight of a cylindrical hollow lead pipe of external diameter 
1 in. and of length 1 ft. was found to be just half that of a solid lead 
cylinder of external diameter | in. and length 6 in. : find the internal 
radius of the pipe. 

28. Find approximately the number of tons of chalk which would bo 
removed in making the Channel Tunnel, if the length were 23 miles and 
the section semicircular and 6 ft. in radius. (Density of chalk = 2*4 ; 
1 cub. ft. of water weighs 62*5 lbs.) 

29. Find the length of the groove in a rifie, if it makes one complete 
revolution in a barrel 2\ ft. long and ^ in. in diameter. 

80. A square court is 160 ft. square, and paths 6 ft wide run round 
the court and across the diagonals : find the cost of paving these paths at 
4«. a square yard. 

31. A river, 14 ft. deep, 182 yds. wide, fiows at the rate of 3 miles an 
hour: how many gallons of water pass any given point in a minute? 
How many tons go to the sea in a year ? (1 cub. ft. = 6J gals. ; 1 cub. ft. 
weighs 1000 ozs.) 

32. A 10-in. circular pipe empties a reservoir in four hours : if the 
reservoir is 10 ft. deep and measures 50 ft. by 40 ft., find the velocity of 
the water in feet per second. 

38. A sector of a circle subtends 60° at the centre of a circle of 12 in. 
radius : find the volume of the cone into which the paper can be rolled 
when the extreme radii are joined. 

84. A cylinder is 4 in. in diameter and stands on a circular base ; it 
is cut obliquely at the top, so that the greatest and least heights of the 
section are 8 in. and 11 in. : find the volume and total surface. 

35. Find approximately the distance a man could see from the top of a 
mountain 4000 ft. high, if the radius of the earth is assumed to be 4000 
miles. 

36. A sheet of paper in the shape of an equilateral triangle has its 

* A regular tetrahedron is a pyramid on a triangular base, and each face 
fs an equilateral triangle. 
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corner^ folded up so as to form a regular tetrahedron : If each side of the 
paper was 12 in. long, find the volume of the tetrahedron. 

87. Six equal circles of 1 in. diameter have their centres on a given 
circle, and each of the six touches the two neighbouring circles : find the 
area contained by their inner circumferences. 

38. A sheet of metal in the shape of a regular hexagon, whose sides 
are 8 in., has triangular notches cut at each comer, and the flaps are bent 
up to form an open hexagonal box, whose sides are 1 in. high : find the 
amount of metal wasted, and the volume of the box. 

89. Find the amount of sillc required to make a parachute in the form 
of a segment of a sphere, if the radius of the base is 12 ft. and the height 
6 ft. 

40. Find the radius of a sphere whose volume is 1 cub. ft. 

41. Find the velocity at which a person is travelling in latitude 45^ 
owing to the earth's rotation. (The radius of the earth may be assumed 
to be 4000 miles.) 

42. Five hundred spherical bullets, \ in. in diameter, are cast into a 
cylinder a foot high : find the radius of the cylinder ; find also the 
dimensions of the cone into which the bullets could be recast if the 
height equals the diameter of the base. 

48. Find the edge of the greatest cube which can be placed with its 
sides vertical under a cone 12 in. high and 16 in. in diameter. 

44. A frustum of a cone is 6 in. high, and has the diameter of the 
ends 4 in. and 12 in. ; it is placed on a table, and rolls without slipping 
until it returns to its former position : find the area over which it has 
rolled. 

45. Find the volume of the greatest sphere which can be placed under 
a pyramid on a square base with every edge 1 ft. long. 

46. Three hemispherical soap-bubbles join into one : find its diameter, 
if the original bubbles were 2 in., 3 in., and 4 in. in diameter. 

47. Find the cosine of the angle, and the angle between two faces of a 
regular tetrahedron. 

48. A rectangular pathway measures 787*4 metres by 1*626 metre, 
and costs 1^ franc per sq. metre : find the length of another pathway 
in yards which costs the same as the above, and whose breadth is 6 ft., 
and which is made at the rate of 1« 1^. per sq. yd. (1 metre = 39'37 
in. ; £1 = 25 francs.) 

49. The comers of a block of eoap in the shape of a cube whose 
edges are 3 in. are cut off so that the edges are cut 1 in. from every 
corner : find the volume of the remainder. 

60. A circular earthwork has a semicircular cross-section, and the 
internal and external circumferences are 130 ft. and 180 ft. : find the 
number of cubic feet of earth. What would be the depth of the trench 
from which the earth was thrown up, if it were 5 ft. wide and of rectangular 
cross-section, and just outside the mound ? 
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51. Find the whole surface and volume of a solid figure formed by 
cutting from a sphere two segments by parallel planes 4 in. from the 
centre. (The diameter of the sphere is 10 in.) 

52. Prove that the following figure is a frustum of a wedge and not 
of a pyramid, and find its volume without assuming the formula for such 
a frustum : rectangular base, 40 ft. by 30 ft. ; uniform height, 12 ft. ; 
rectang\ilar top, 30 ft. by 20 ft. 

53. The difference between the area of a square and its inscribed 
circle is 21*35 sq. in. : find the side of the square. 

54. How many square miles of ocean are visible to a man 20 ft. above 
its surface, if the radius of the earth be 4000 miles? 

55. At what distance will a line of white cliff 40 ft. high be just 
visible to a man 10 ft. above the sea ? 

56. A cylindrical block of wood 1 ft. in diameter and 10 in. high has 
its ends hollowed in the shapes of segments of spheres to a depth of 2 in. 
at each end : find the volume of the block. 

57. A convex lens is 2 in. thick and each surface has a radius of 13 in. ; 
the diameter of the lens is 10 in. : find its volume and surface. 

58. As large ellipses as possible are stamped from rectangular sheets 
of tin measuring 2 ft. by 3 ft. : find the percentage of waste, if the 
principal axes of the ellipse are parallel to the sides of the rectangle. 

59. Find the number of square miles between the 30th and 45th 
parallels of latitude, assuming the earth's radius to be 4000 miles. 

60. Find the radius of a hemisphere whose volume is 9 cub. in. 

61. A regular tetrahedron has an edge of 4 in. length : find the 
volumes of the inscribed and circumscribed spheres. 

62. The distance of the sun is about 95,000,000 miles, and the earth 
moves round the sun in an ellipse : if the earth moved round in a circle, 
with the sun at the centre, what would be our velocity in miles a second? 

63. Three conical extinguishers are placed on a table with their bases 
touching, and a larger cone is placed over them t if the latter cone just 
fits, find the height and base of the cone. (The small cones are 3 in. high 
and 1 in. in diameter.) 

64. A hollow cone is 12 in. high, and its base is 16 in. in diameter; 
a block on a square base, and twice as tall as it is wide, is just able to 
stand inside the cone : find the base of the block. 

65. A ship running west in latitude 60^ finds that the time has 
changed 50 minutes : find the number of miles the ship has travelled. 

66. A cylindrical vat is to be made having its height twice its 
diameter, and it is to contain as much as twenty 36-gal. casks : find 
the radius, given that 1 gal. of water weighs 10 lbs., and that 1 cub. ft of 
water weigl^ 1000 ozs. 
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SANDHURST QUESTIONS. 

Printed by permission of the Controller of Her Majesty* s Stationery Office* 

1. Dec, 1883. — Six iron tubes, the cross-section of anyone of them 
being a square, are joined together so as to form a hexagonal ring, which 
can be filled with water : if the area of the cross-section be 16 sq. in., 
and the distance between any two internal opposite corners of the hexagon 
be 1 yd., find the whole surface of the tubmg and its contents, neglecting 
the thickness of the sheet iron. 

2. Dec. 1883. — A cylindrical tower 24 ft. in diameter and 30 ft. hi^h 
is capped with a hemispherical dome ; the top of the dome is cut off, 
and over the orifice formed is built a cylindrical lantern 8 ft. in diameter 
and 10 ft. high, closed at the top by a plane suriace : find the whole 
exterior surface of the building. 

8. Dec. 1890.— In the pentagonal field ABODE, the length of AC is 
50 yds., and the peri)endiciilars from B, D, and E upon AC are 10, 20, and 
15 yds., the distances from A to the feet of the perpendicular from D and 
E b(8ing 40 and 10 yds. : find the area. 

4. Dec. 1890. — A sphere of 1 ft. radius rests on a table: find the 
volume of the right hollow cone which can just cover it, the section of the 
cone through the axis being an equilateral triangle. 

6. Dec, 1892. — The minute hand of a clock is 10 in. long : find the 
area on the clock face which it describes between 9 a.m. and 9.35 a.m. 

6. Dec 1892. — From a cubic foot of lead is cut out a pyramid whose 
base is one face of the cube, and whose vertex lies in the face opposite ths 
base : if the remainder of the lead is melted and cast into a sphere, find: 
its radius. 

7. Dec, 1888.— The area of an equilateral triangle is 17320-5 sq. ft. ; 
about each angular point, as centre, a circle is described with radius^ 
equal to half the length of a side of the triangle : find the are^i of the; 
space included between the three circles. (ir = 3*1416 ; VS = 1*73205.) 

8. Dec, 1888. — A hollow cone, the length of whose slant height is 
twice the radius of the base, is held with its vertex vertically downwards, 
and completely filled with water ; a sphere of greater density than watei 
is gradually immersed, and it is found that, when it rests upon the sides 
of the interior of the cone, it is just submerged : find the amount of water 
displaced by the sphere, and also the amount contained between the sphere' 
and the vertex of the cone. (Consider radius of the base of cone as. 
1-73205 in.) 

9. Dec. 1889. — Find the expense of paving a circular court 80 ft. in 
diameter, at 3«, 4:d. per sq. ft., leaving in the centre a space for a fountain^ 
in the shape of a hexagon, each side of which is 1 yd. 

10. JunCy 1890. — Prove that the area of a trapezoid is one-half the 
product of the sum of the two parallel sides by the perpendicular distance 
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between them. The area of a trapezoidal field is 4^ ac. ; the perpendicular 
distance between the parallel sides is 120 yds. ; and one of the parallel 
sides is 10 ch. : find the other. 

11. June, 1890. — Express the volume of a cone in terms of the radius 
of the base and the vertical height. If the diameters of the circular ends 
of a frustum of a cone be 4 in. and 6 in., and the volume of the frustum 
be 209 cub. in., find the height of the cone, (t = 3}.) 

IS. Junty 1891. — 105 halfpenny pieces lying on a flat surface with 
their edges in contact are just contained by a frame in the form of an 
equilateral triangle : the diameter of a jialfpenny being 1 in., show that 
the side of the triangle is (13 + ^3) in., and calculate its area 
approximately. 

18. June, 1891. — Gold is 19*25 times as heavy as water, and 1 cub. ft. 
of water weighs 997 ozs. avd. : find (approximately) how many square feet 
1 cub. in. of gold will cover in the form of gold leaf, given that 1 gr. 
of gold will cover 56 sq. in. 

14. Bee. 1891. — Find the area of a triangle, whose sides are 13*6, 15, 
and 15*4 in. Also find (correct to the thousandth part of an inch) the 
length of one of the equal sides of an isosceles triangle, on a base of 14 in., 
having the same area. 

15. Dec, 1891. — A circular room, surrounded by a hemispherical 
vaulted roof, contains 5236 cub. ft. of air, and the internal diameter of the 
building is equal to the hei<?ht of the crown of the vault above the floor : 
find the height, assuming 3*1416 to be the value of t. 

16. July, 1889. — Assuming that t = 3*1416, find the perimeter and 
the radius of a circle, the area of which is 5*309304 sq. ft. 

17. J\dy, 1889. — A solid si^here fits closely into the inside of a closed 
cylindrical box, the height of which is equal to the diameter of the 
cylinder: having given the radius of the sphere, write down the 
expressions for the volume of the sphere, the surface of the sphere, and 
the volume of the empty space between the sphere and the cylinder. If 
the volume of this empty space is 134*0416 cub. in., what is the radius 
of the sphere ? 

18. Jidy, 1892.— Two pipes, one of lead and the other of tin, are 
respectively 49 and 61*6 in. long; they both have the same internal 
diameter, 1 in. ; and the external diameter of the lead pipe is 1*2 in. : 
if lead is eleven times and tin seven times as heavy as water, what must 
be the external diameter of the tin pipe, that both pipes may have the 
same weight ? 

19. c/Wy, 1892.— Assuming a drop of water to be spherical, and ^ in. 
in diameter, to what depth will 500 drops fill a conical wine-glass, the 
cone of which has a height equal to the diameter of its rim ? 

20. Dec, 1889. — A right prism on a triangular base, each of whose 
sides is 21 in., is such that a sphere, described within it, touches its five 
fooes : find the volume of the sphere, and of the space between it and the 
Burfece of the prism. (» = ^^ ; and V3"= 1*732.) 
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WOOLWICH QUESTIONS. 

Frinted by permission of the Controller of Her Majesty's Stationery Office. 

1. cTwZy, 1883. — A flagstaff 100 ft. Ligh stands in the centre of an 
equilateral tritingle, which is horizontal; from the top of the flagstaff 
each side of the triangle subtends an angle of 60^: find a side of the 
triangle. 

2. Julyy 1888.— The extremity of the shadow of a flagstaff 6 ft. high, 
standing on the top of a regular pyramid on a square base, just reaches a 
side of the base, and is distant 56 ft. and 8 ft. from the extremities of that 
side : if the height of the pyramid be 34 ft., find the 8un*s altitude. 

8. Nov. 1888. — Determine the diameter of a cylindrical gasholder to 
contain 10,000,000 cub. ft. of gas, supposing the height to be made equal 
to the diameter; and determine in tons the weight of iron plate, weigh- 
ing 2\ lbs. per square foot, required in the construction of the gasholder, 
supposing it open at the bottom and closed by a flat top. 

4. Nov. 1888.— Determine the number of cubic yards in a bank of 
earth on a horizontal retangular base 60 ft. long and 20 ft. broad, the four 
sides of the bank sloping up to a ridge at an angle of 40^ to the horizon. 

6. Nov. 1884.— A solid cube of lead weighs 126-44 lbs. ; 998 ozs. of 
water occupy 1 cub. ft., and 1 cub. ft. of lead is 11*352 times as ht-avy as 
1 cub. ft. of water : find by logarithms the length of a side of the cube 
of lead to six places of decimals of a foot. 

6. June, 1891. — A railway tunnel consists of a hollow serni-cylindrical 
top, terminated below in a trough with slanting sides and flat base : the 
radius of the former being 12 ft., the base and height of the latter being 
20 ft. and 18 ft. respectively, and the lenjjth of the tunnel 1200 yds., find 
the cost of facing the sides and roof with brick at \s. Qd. per square foot. 

7. June, 1891. — Within a hollow sphere of 1 ft. radius is placed a 
right prism, the ends of which are equilateral triangles : the side of one 
of these being 1 ft. in length, and the surface of the sphere being in 
contact with all the six angular points of the prism, find, in cubic inches, 
the volume of the latter. 

8. Nov. 1892. — Find the area of the surface (including the ends) of a 
hexagonal prism, whose height is 8 ft., the base being a regular hexagon 
with a side of length 3 ft. 

9. Nov. 1892. — The radii of the internal and external surfaces of a 
hollow spherical shell of metal are 3 ft. and 5 ft. respectively : if it be 
melted down, and the material formed into a cube, find an approximate 
value for the length of an edge of the cube. 

10. Dec. 1891. — A piece of wood is in the form of a regular pyramid 
on a square base; the side of the base is 6 in., and the perpendicular 
distance of the vertex from the base is 8 in. : find the number of cubic 
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inches in the Tolume of the wood, and the nutn*ber of square inches in its 
surface. 

11. Bec^ 1891. — A cylindrical boiler is hemispherical at its two ends ; 
its radius is 2 ft., and its total length is 8 ft. : assuming that 1 cub. ft. 
of water weighs 62*5 lbs., find the number of tons of water which will 
fill the boiler. (Take ir = 3-14.) 

12. JuLy^ 1892. — ^The height of a conical tent is 1\ ft., and it is to 
enclose 200 sq. yds. of ground : find how much canvas will be required. 

(* = ¥•) 

18. July J 1892. — ^The silk covering of an umbrella forms a portion of 
a sphere of 3^ ft. radius, the area of the silk being 14| sq< ft. : find the 
area of the ground sheltered from vertical rain when the stick is held 
upright. (ir = V.) 

14. cTwwe, 1890. — ^How many square yards of canvas are required to 
make a conical teot 9 ft. high, such that a man of 6 ft. could stand 
anywhere inside, within a radius of 2 ft. from the centre without stooping ? 

15. cTuTie, 1890. — A pint standard is in the form of a frustum of a 
circular cone; its height is 4^ in., and the diameter of its base is 3^ in., 
both measurements taken inside : find the diameter of the top, being given 
that a gallon of water weighs 10 lbs., and 1 cub. ft of water weighs 
1000 ozs. 
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ANSWERS. 



EXEBCISE I. 

1. 82195 yds. 2. 476 miles 5 fur. 37 po. 3^ yds. 8. 77880 ft. 

4. 350 ch. 6. 9 miles 4 fur. 20 po. 6. 341 yds. 

7. 1070 ch. 8. 110 miles 3 fur. 33 po. 2 yds. 2 ft. 10 in. 

a 4730 yds. 10. 330 ft. 11. 3| miles. 12. 415 ch. 



1. 86938 J sq. yds. 

8. 163350 sq. vds. 
5. 675000 sq. iks. 
7. 1575000 sq. Iks. 

9. 123420 sq. yds. 
11. 144443i sq. yds. 
18. 70 ac 3 ro. 32 po. 
15. 10. 



EXEBCISE n. 

2. 187 ac. ro. 9 po. 18| sq. yds. 

4. 7 ac. 2 ro. 29-75 po. 

6. 64 ac. 3 ro. 24 po. 

8. 53 ac. 3 ro. 25^ po. 
10. 44 sq. yds. 7 sq. ft. 97 sq. in. 
12. 40 ac. 2 ro. 0*8 po. 
14. 5ac. 
16. 200 sq. yds. 



1. 27 sq. ft. 17 sq. in. 

8. 16 sq. ft. 81 sq. in. 

6. 396 sq. ft. 60 sq. in. 

7. 238 sq. ft. 90 sq. in. 

9. 21 sq. yds. 5 sq. ft. 36 sq. in. 
11. 144 sq. yds. 3 sq. ft. 90 sq. in 



EXEBCISE m. (A). 

5. 26 sq. ft. 142 sq. in. 
4. 273 sq. ft. 63 sq. in. 

6. 28 sq. ft. 60 sq. in. 
8. 31 sq. It. 87 sq. m. 

10. 70 sq. yds. 7 q. ft. 76 sq. in. 
12. 35 sq. yds. 5 sq. ft. 48 sq. in. 



1. 3 ft. 10 in. 

4. 269i yds. 

7. 36^ yds. 

10. 10 yds. 1 ft. 



1. 4 ft. 3-22 in. 
4. 22-456 yds. 



EXEBCISE m.(B). 

2. 4 ft. 6 in. 

6. 70 yds. 

8. 6 ch. 25 Iks. 

11. 23| ft. 



EXEBCISE 

2. 8545 ft. 
6. 5 ft. 8 in. 



IV. 



8. 15 ft. 6 in. 
6. 352 yds. 

9. 18 yds. 2 ft. 
12. 20 in. 



8. 2 ch. 73-8 Iks. 
6. 5-16 fur. 
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7. 333 ft. 8. 2 ch. 96-5 Iks. 9. 29-16 in. 

10. 600-2 mUes. 11. 206 yds. 12. 20 ft. 

18. 90 ft. 14. 50 ft. 16. 9-949 ft 



16. 20| ft. 



EZEBCISE v. 



1. 42i sq. yds. 2. 169 sq. yds. 8. 915 A sq. yds. 

4. 765^ sq. yds. 5. 113^ sq. yds. 6. 27|4 sq. yds. 

7. 160 sq. yds. 4 sq. ft. 8. 205 sq. yds. 4 sq. ft. 

9. 11 sq. yds. 1 sq. ft. 10. 5 ac. 2 ro. 38 po. 7^ yds. 7 ft. 

11. 2 ac. 2 ro. 12. 3 ac. ro. 4 po. 18. 15 ac. ro. 1 jx). 

14. 33 ac. 2 ro. 33-43 po. 15. 105 ac. 2 ro. 20 po. 

16. 69 ac. 1 ro. 29*16 po. 17. 93 yds. 18. 173-9 yds. 

19. 229* yds nearly. 20. 8-004 ft. 21. 37812-5 sq. yds. 

22. 1548800 gq. yds. 28. 5 sq. yds. 2 sq. ft. 76 sq. in. 

24. 5 ac. 25. 3-742 in. 26. 55-1 yds. 

27. 220 yds. 28. 120*5 yds. nearly. 29. 28^ yds. 

80. 99 yds. 81. £5 6«. 2d. 82. 7 ac. 2 ro. 13*8 po. 

88. 10-488 ft. 84. 23 ac. 2 ro. 34-56 po. 

85. 220 yds. 86. 57 yds. 87. £2 3s. 9d 
88. £27 10«. 89. 1071-6 Iks. 40. 479-2 yds. 
41. 3 ft. and 14 ft. 

EXERCISE VI. 

1. 18 sq. yds. 8 sq. ft. 2. 127 sq. yds. 4 sq. ft. 

8. 40 fsq. yds. 8 sq. ft. 4. 4 sq. yds. 

5. 36 sq. yds. 7 sq. ft 72 sq. in. 6. 61 sq. yds. 1 sq. ft 
7. 5 ac. 2 ro. 34*6368 po. 8. 13 ac. 1 ro. 22*72 po. 

9. 9 ac. 1 ro. 14 po. 10. 44 yds. 11. 1100 yds. 

12. 1 ch. 64 Iks. 18. 46 ft 10 in. 14. 53 ft 6 in. 

15. 56 ft 16. 15 sq. yds. 1 sq. ft 24 sq. in. 

17. 19 sq. yds. 7 sq. ft 18 sq. in. 18. 21 sq. yds. 6 sq. ft. 95 sq. in. 
19. 49 sq. yds. 3 sq. ft 132 sq. in. 20. 62 sq. yds. 3 sq. ft 108 sq. in. 
21. 71 sq. yds. 5 sq. ft 22. 200 yds. 28. 567 Iks. 
24. Length, 24 ft.; breadth, 18 ft ; height, 12 ft 25. 1«. 

26. £95 ; £22 15«. 27. £5 5«. 28. 17-8885 ft. 

29. 133^ yds. 80. £16 138. 10(2. 81. 192 slabs. 82. 20 ft. 
88. (i.) 63^ sq. yds. ; (ii.) 20^ ; (iii.) £6 2«. \\d. 
84. 47*319 yds., and £10 12«. llrf. 85. 852 sq. ft 50 sq. in. 

86. (i.) 21^^ sq. yds.; (ii.) 67f sq. yds.; (iii.) 28^ yds.; (iv.) 
£2 19«. Zd. ; (v.) £3 17«. 4A<?. 

87. (i.) 69|J sq. yds.; (ii.) 20|f sq. yds.; (iii.) 17§8 yds.; (iv.) 
£1 6s. OV^d. ; (v.) £2 16s. Ofii. ; (vl) £1 10s. ^d. 

EXERCISE Vn. 

1. 1 ac 2. 364 sq. yds. 8. 10 ft 

4. 1 sq. ft. 43^ sq. in. 5. 70 yds. 6. 3^ ac. 
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7. 15 yds. 2 ft. S. 498-8 sq. ft. 9. 124 sq. ft. 8 sq. iu. 

10. 31 ac. ro. 25-3 po. 11. £3 14«. Id. 12. ^. 

18. 1 sq. ft. 116-96 sq. in. 14. 4056 sq. ft. 

15. 33 ft. 16. 40 ft. 17. 1492 yds. 
18. 173 yds. 1 ft. 

EXEBGISE TQL 

1. 212-5 sq. ft. 2. 8 ac. 2 ro. 25-568 po. 

3. 59 sq. ft. 4 sq. in. 4. 40 ac. 3 ro. 21-344 po. 

6. 25 yds. 6. 31 ch. 78 Iks. 7. 89-3._ 

8. 991-483. 9. 51521233. 10. AV2. 

11. £5 11«. 6}(i. 12. 1428. 18. 40-08. 
14. 35-07 sq. yds. 15. 400 Iks. 16. £8 3«. 

17. £3 5«. ^d. 18. 561-168 sq. ft. • 19. £1 4«. 2ld. 
20. 46-153 ft. 21. 22 ch. 22. £7 18«. Id. 
28. £8-13 Is. Sd. 24. 6-6143 ch. 

26. 1 ac. 3 ro. 32 po. 2 sq. yds. 6 sq. ft. 26. As Va : 2. 

EXERCISE IX. 

1. 4181 sq. yds. 2. 18^ in. 8. 240 sq. in. 

4. 1800 sq. yds. 5. 3 ro. 30 po. 18 yds. i ft. 

6. 1 ro. 11 po. 25 yds. 3-7 sq. ft. 7. 23 po. 5} sq. ft. 

8. £121. 9. 2 ac. 3 ro. 28,U po. 10. £2 7«. Sd. 

11. 7 ac. 2 ro. 13^ po. 12. £24 6«. 7^ 

18. 27 ac. 1 ro. 24-16 po. 14. 126 ac. 

16. 3 ac. 11 po. 17i yds. 7 sq. ft. 16. 125 ft. 17. 625 ft. 

18. 6 ac. 3 ro. 37 po. 10 yds. 6 ft. 108 sq. in. 

19. 2 ac. 2 ro. 36 po. 20. 98 sq. yds. 3J sq. ft. 

RXKBCTBE X. 

1. 210-438 sq. in. 2. 1635 sq. yds. 7-9 sq. ft. 

8. 275 sq. ft. 90 sq. in. 4. 2338-272 sq. ft. 
6. £97 19«. ^d. 6. 2^2 sq. ft. 7. 12-4248 ft. 

8. 10-392 ft. 9. As 225 : 233. 10. 6495 sq. ft. 

11. 5-177 ft. 12. 129-9 sq. ft. 18. 8-66 ft. 

EXESGI8E XL 

1. 1 ac. 1 ro. 32 po. 2. 1 ac. 1 ro. 14-4 po. 

8. 3 ac. 1 ro. 4 [)0. 4. 3 ro. 

6. 3 ac. 29J po. 6. 15 ac. ro. 26 po. 

7. 1 ro. 9-7 po. 8. 2 ro. 26*9 po. 



#. X ro. »w po. o. ^ ro. ^X}\f po. 

9. 3 ac. 1 ro. 14-6 po. 10. 4 ac. 3 ro. 24 J po. 

11. 1 ac. 1 ro. 32 po. X2. 1 ac. 1 ro. 18 po. 

18. 1 ac. 18-64 po. 14. 3 ac. 2 ro. 1? — 

16. 2 ac. 1 ro. 22 po. 16. 13 ft. and 54 

17. 126 ac. 18. 17 ac. 3^ ro. 
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sxsBcisE xn. 



1. 84, 80, 74. 

8. As 9 : 4. 

4. 98-663 ft. 

6. 9>s/6, 9 a/3. 

8. As 1 : 660. 
10. 115 ft. 
12. As 1 : 11200. 
14. As 3 : 2>s/3. 


2.DE = ACx2f^. 
V17 

5. 68-3 sq. in. 

7. As 1 : 36. 

9. 11-832, 17-748. 
11. ^«>s/2. 
18. 2006J sq. ft. 
16. 92*16 sq. in. 


XIV.-MISCELLANEOUS EXERCISES. 

I. 

1. 1 ac. 1 fO. 6 po. lOf sq. yds. 2. 6f ac. 
8. 149 yds. 8 in.; £33 11«. 6rf. 4. 800. 
6. 3108 yds. 6. 2 ac. 2 ro. 30*06 po. 

ir 


1. 396Aft. 


2. 7 ft. 8. 78vds.; 58 yds. 
5. 1460. 6. 14^ ft. 




III. 


1. 31-5; 952-56. 
4. £24 108. 


2. 60S y<l8. 8. £36 11«. ^, 

5. 15 ac. 6. 4 ac. 3 ro. 1624 po. 




IV. 


1. 822 yds. 

4. 77 yds. 2 ft. 11 in. 


2. 10-39 ins. 8. £196 10s. 
6. 4861-02. 6. £23 4«. 

V. 

2. £10 10s. 8. 54-45 sq. in. 
5. £1 5«. 35(i. 6. £5 11«. 6f (i. 


1. 155-56 ft. 

4. 12i ch. ; 8f ch. 




VI. 


1. 98 yds. 2. 5 ft 
. 66Sft.; 136 ft.; 197 J 


. 21 in. 8. 10 ac. 3 ro. 9 po. 28*05 yds. 
ft. " 5. £176 17«. 6-28(^. 6. 102*46 milei 




VII. 


1. £8 6«. 6(^. 

4. 20 ac. 3 ro. 32 po. 2 


2. 498-8 sq. ft. 8. As 1 : 1214. 
yds. 6. 19«. 2rf. 6. 147| sq. ft. 




VIII. 


1. \ in. to the mile. 
4. As 2 : M'JLl, 


2. £12 19«. 9^V. 8. 46-188 ft. 
5. 242 yds. 6. 3 ac. 30J po» 
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IX. 

I. 595 sq. ft. 2. £2 15». 3. 1054 ft; 625 ft. 
4. 1039-23 sq. ft. 6. 40 ft. 6. 3 ac. ro. 12 po. 

X. 
1. 2144 sq. ft. 2. 9 ft._ 3. 1152 sq. yds.; £19 48. 

4. 236-4 yds. 6. 5( V2 + 1). 6. 1 ac. 18-64 po. 

EXEBOIBE Xm. 
1. 3V2ft'. 2. 5-38Jt^ 3. 2-6 ft. nearly 4. 1-155 ft. 

6. 3-456 ft. 6. 3V2 ft. 7. 72 gq. yds. 8. 8-5 ft. 
9. 20 sq. ft. 

EXEBCISE XIV. 

1. 8-23 m. 2. 50-7 ft. 3. 901 in. 4. 31-81 ft. 

5. 5 in. 6. 9 ft. 7. 2 ft., 18 ft. 8. 29 ft. 

9. 22-628 in. 10. 5^7 ft. 11. 108 in. 12. 10-12 in. 
13. 80. 14. 150} ft. 15. 29/iV 

EXEBCISE XV. 

1. 47J ft. 2. 5 ft. 6 iu. 3. 17 yds. 10? in. 

4. 14 ch. 92 Iks 6. 125-644 in. 6. 21 ft. 5-6 in. 

7. 2827-44 yds. 8. 84-8232 ft 9. 35 yds. 10. 280 yds. 

II. 15|y ft. 12. -222 in. 18. -3183 ft. 14. 70*028 yds. 
15. 114-59 ft. 16. 1-27 in. 17. 4§ ft. 18. 480. 

19. 2 ft. 4-9 io. 20. As 4 : ». 21. As ir : 3. 22. 31' 50". 

23. 4^ min. 24. 1571? ft. 25. 210. 26. As 86 : 85 nearly. 

EXEBCISE XVL 

1. 35-81°. 2. 114° 35' 30" 3. 4° 46' 1(SW\ 

4. (i.) 22° 55' 6" (ii.) 57° 17' 45"; (iii.) 38° 31' 50"; 

(iv.) 128° 54' 56-25". 5. (i.)-j; (ii.) y; (iii.) ^^ 

6. 38§ in. 7. 26 ft. 8. 32 ft. 9. 17-75 in. 

10. 20^. 11. 8^1 after 3, and 24: f^ after 3. 12. 28° 38' 52". 
13. As 3 : 2. 14. 6-117 in. 16 21| ft. 16. 76° 21^'. 
17. lOj in. 18. 4^ in. 19. 126° 49'. 20. 1-8840. 
21.7 ft. 22. 28^38' 52-5". 28. 167f°. 24. 4J in. 

EXEBCISE XVn. 

1. 5544 sq. ft. 2. 125 ac. 2 ro. 34 po. SA sq. yds. 

3. 31428f sq. ft. 4. 20114? sq. ft. 5. 644-598 sq. in. 
6. 9 ac 2 ro. 39-76 po. 7. 29 ac. 20 po. 8. 4476375 sq. yds. 
9. 1963-5 sq. ft. 10. 70 ac. 3 ro. 35 po. 14J sq. yds. 8-46 sq. ft. 
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11. 125 ac. 2 ro. 26 po. 6^ sq. yds. 6*84 sq. ft. 12. 28-2744 sq. in. 
13. 5857 sq. ft. 14. 523-16 It. 15. 5^657 ft. 

16. £141 7s. 5-28(^. 7. 184-9392 sq. ft. 18. As 2 : V». 

19. 1145A. 20. 45-135 cb. 21. 12 po. 

22. 62J yds. 28. 8 ac. 2 ro. 22 po. 24. 530*73 sq. vds. 

25. 4 : 9 : 25. 26. 126. 27. £26 4s. U\ 

28. As 49 : 81. 29. As 1 : 2. 80. 5]^J yds. 

81- H ; Vk' 82. 30-9 sq. ft. 88. 6^^?. nearly. 

84. 22-42 ft. 85. £157 4s. 2(f. 

EXERCISE XVm. 

1. 100 sq. ft. 2. 1-254 sq. ft. 8. 88'802 sq. ft. 

4. 157^ sq. It. 5. 16§ ft. 6. 7^ ft. 7. 1541 ft. 

24 
8. 27-63 sq. in. 9. -y^, or 13-56 ft. nearly. 

10. 36^ sq. ft. ; 12-04 ft. IL 91° 40' 22-8". 

12. 9-254 sq. ft. 18. 25f sq. ft. 14. 208*2 sq. It. 



15. 13 ft. 



EXERCISE XIX. 



1. 33-48 sq. ft. 
4. 1191-23 sq. in 
7. 20-382 sq. ft. 
9. 524-48 sq. ft. 
12. 368 sq. in. 


2. 509.38 sq. ft. 
5. 194i sq. ft. 
, 686-478 sq. ft. 

10. 2-7 sq. 

18. 9^sq. 

EXERCISE XX. 


3. 439-4 sq. ft. 
6. 100-20 sq. in. 
8. 28-05 sq. ft. 
in. 11. 88-4. 
ft. 14. ^ sq. ch. 


1. 801-1 sq. ft. 
4. £4 Os. U. 
7. 432-34 sq. ft. 
10. As 5 : 4. 


2. 660 sq. ft. 
5. 24 ft. 

8. 235-714 sq. in. 
11. As 14 : 11. 


8. 37 sq. yds. 6f sq. ft. 
6. 11 sq. in. 

9. 112^30'. 
12. 1\ ft. 


XXV. 


—MISCELLANEOUS EXERCISES. 

T 


1. £162 9s. 6d 
4. 6 ac. 3 ro. 22 
6. 24-3 in. 


1. 

2. 859-03 sq. ft. 
po. 2J sq. yds. 6 sq. ft. 

IL 


8. 5 in. 

5. 210-44 sq. in. 


1. 353 ft. 
4. 1^^ sq. ft. 


2. 18-13 in. 
5. 64 ft. 

III. 


8. 326^ sq. ft. 
a £1 14s. V^. 


1. BD = 1040; 


DA = 765-5. 2. 


68 sq. yds. 4 sq. ft. 



8. f J sq. ft. 4. £3 10s. 5. 72 sq. ft. 6. 2 ro. 6-4 po. 
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\Y. 
1. 3 yds. nearly. 2. 194i sq. ft. 

3. 2 ac. 37 po. 6 sq. ft. 108 sq. in. 4. 20V3 ft. 

6. 5-1416 sq. in. ' 6. £11 16«. l%d. 

V. 

1. 45*4 sq. in. nearly. 2. 96 in. 8. 339? sq. in. 

4. £1210 12«. 6?(i. 5. 820 in. 6. 716 sq. ft. 

VI. 

1. 113-5 sq. in. ; 287-5 sq. in. 2. 4 ft. ^ in. ; 13 ft. 5J in. 
8. 296*04 sq. ft. 4. Ij sq. ft. 6. 6 ft. nearly. 6. 3 sq. ft. 

VII. 

1. 15 in. nearly. 2. 5886 ft. 3. 42 ft. 

4. 1 ac. 3 ro. 32 po. 2 sq. yds. 6 sq. ft. 5. -81 sq. ft. «. 61'237 ft 

VIII. 

1. 15 in. 2. 0-03 sq. in. 8. As 57 : 50. 

4. £43 3«. 4d. 6. 11-78 yds. 6. £5 15s. 

IX. 

1. 7956 eq. ft; 51 ft. 2. 54-9376 sq. ft. 8. As 14 : 11. 
4. £4 15». S}d. 6. 1-18 sq. ft. 6. 32^ in. 



1. 97-2. 2. 14 in. 8. 15394. 

4. 3 ro, 1-78 po. 5. 2-16 ac. ; 3-84 ac. 6. lOJ in.; 8^ in. 

EZESCISE XXL 

1. 18 cub. ft. 1664 cub. in. 2. 658 cub. ft. 936 cub. in. 
8. 1049760 cub. in. 4. 75 cub. yds. 800 cub. in. 

5 4159-11 cub. in. 6. 1 ton 8 cwt. 2 qrs. 8 lbs. 

7. 62109-776 cub. in. 8. 578*5 ozs. 9. 3-9 cub. in. 
10. 200 cub. ft. 200 cub. in. 11. 32 cub. ft. 752 cub. in. 
12. 29^\ sq. ft. 18. 42 sq. ft. 14. 52 cub. in. 
15. 2651 lbs. 16. 224 gals. 17. lOft^ lbs. 
18. 34-6592 cub. in. 19. 6 cwt. 78 lbs. 20. 9J gals. 

21. -438375 cub. in. 22. 160 cub. ft. 770 cub. in.' 28. 64 cubes. 
24. 4 ft. 3| in. 

EXxsGiSE xxn. 

1. 78 cub. ft. 810 cub. in. 2. 36052^ cub. ft. 

8. 1124 cub. ft. 228 cub. in. 4. 20 cub. ft. 1440 cub. in. 
6. 4 cwt. 3 qrs. 4J lbs. 6. 4-79 in. 7. 89 cwt. 8. 034 j;als. 
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9. 6 tons nearly. 10. 4 cwt. 1 qr. 24 lbs. 11. 83 ft. 5 in. 

12. 13 tons 17 cwt. 3 qr. ntarly. 18. 7rf^_in. 

14. A\^10 lbs. 16. 12\/-6 fc. 16. W3 ft. 17. 124}| sq. ft. 



18. 204^ sq. ft. 19. 2 ft. 20. 60 ft. 21. 27 in. 

22. 189 in. 28. 11-514 cub^ft. 24. £4 5s. ^. 26. 16$ fN 

26. 284-92 gals. 27. ^§^ Vs ft. 28. 17-32 ft. 29. 10^3 ft. 

80. 201-7 gals. 

£X£BCI8£ XXTTT. 

1. 480 cub. ft. 2. 100 cub. ft. 8. 1} cub. ft. 4. { cub. ft. 

6. ^ cub. ft. 6. 7 J cub. ft. 7. 9 cub. ft. 8. 2| sq. ft. 
9. 6 ft. 10. ^y cub. fc. 11. ^Q cub. ft. 

EXERCISE XXIV. 

1. 9J sq. ft. nearly. 2. 67J sq. ft. 8. 847 sq. ft. 

4. 172f sq. ft. 6. 9? cub. ft. 6. 247^ cub. ft. 

7. 4^ ft. 8. 2614? sq. ft. 9. 14*235 cub. ft. 
10. £6 13«. b\d. 11. 177-014 sq. ft. 12. f cub. ft. 

18. olA cub. ft. 14. 251-328 sq. ft. 

16. 5 cub. yds. 9 cub. ft. 648 cub. in. 16. £26 14«. 17. 408 sq. in. 

18. 20pts. 19. 8-94 sq.ft. 

EXERCISE XXV. 

1. 109 cub. ft. 133 cub. in. 2. 1 cub. ft. 162 cub. in. 

8. 83-449 cub. ft. 4 6-46 ft. 6. 5J cub. ft. 6. bb\} cub. ft. 
7. 17^ sq. ft. 8. 83-136 cub. ft. 9. 180 cub. in. 

10. 18? cub. ft. 11. 1485 sq. in. 12. 7f cub. ft. 

18. 8 sq. It. 14. 24 cub. ft. 16. 3^ sq. ft. 16. 2*078 cub. ft, 

EXERCISE XXVL 

1. 217-3 cub. in. 2. |f | cub. in. 8. ^ cub. ft. 

4. -0103 cub. in. 6. ^^ cub. ft. 6. 71§ cub. in. nearly. 

7. 79J cub. in. 8. 951-6 cub. in. 9. 1211f cub. in. 

10. 491 cub. in. nearly. 11. 2f J cub. ft. 12. 1063 cub. in. 

18. 6-54 cub. ft. 14. 174 cub. in. nearly. 

16. Flat ring is gff cub. ft. larger. 

EXERCISE XXVn. 

1. 49^ sq. ft. 2. 974-25 cub. ft. 8. 6542-4 cub. ft. 

4. 4156-8 cub. ft. 6. 3466145 cub. yds. 6. £16 13«. 4d. 

7. As 1 : 7. 8. 130-98 cub. ft. 9. 744 sq. ft. 

10. 311-769 cub. ft. 11. 737-2 cub. ft. 12. 60 sq. ft. 

18. 110-52 sq. in. 14. 262 ^ub. ft. 16. 98 sq. ft. 
16. 400 cub. ft. 17. 63-26 sq. yds. 18. 2500 cub. ft. 

19. Equal 20. As a : h. 21. As 19 : 8. 
22. As 91 : 117 : 8. 28. 181J cub. ft. 24. £28 2«. ^. 
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1. 611-9 sq. ft. 

4. 183 J cub. ft. 

7. 12 ft. 4 in. 
10. 202-65 cub. ft. 
13. £7 148. 6d, 
16. 10-77 in. 
19. 8A cub. ft. 
22. 8y§ cub. ft. 

1. 1^ sq. ft. 
4. 760 cub. in. 
7. 41 J sq. ft. 
10. 296050-6 gals. 



EXEB6I8E XXVIIL 

2. 83 8 yds. 

6. 420-8 sq. ft. 

8. £19 11«. lid. 
11. 19-24 cub. ft. 
14. 56-83 cub. ft. 
17. 2 sq. ft. 45-8 sq. in. 
20. As 7 : 1. 

EXEBCISE XXIX. 

2. 1844J cub. yds. 
6. 76-76^cub. ft. 
8. 57 V3 cub. ft. 
11. £419 3s. lOd. 



8. 600:^^ cub. ft. 
6. 70-7 cub. ft. 

9. 265-14 cub. It. 
12. £30. 

15. £4 12«. 2hJl. 
18. 74f } cub. ft. 
21. As 19 : 7 : 1. 



3. 30402*8 gals. 
6. 37000 cub. ft. 
9. 138 sq.ft. 
12. 176 sq. ft. 



1. 1611-6 sq. ft. 

4. 4016 cub. ft. 

7. 74-4 cub. ft. 

10. 447J cub. ft. 

13. 85 sq. in. 

16. 23-88 cub. ft. 



1. 45 cub. in. 

4. 112 cub. in. 

7. 29i cub. in. 
10. 16*5 cub. yds. 
18. 500 cub. in. 



EXEBCISE XXX. 

2. 1186-6 cub. ft. 

6. 35-6 sq. ft. 

8. 200 sq. ft. nearly. 
11. 154-7 gals. 
14. 20-36 sq. ft. 
17. 251-8 gals. 

EXEECISE TTTT 

2. 320 cub. in. 
6. 92 sq. in. 
8. 405J cub. in. 
11. 24954 cub. yds. 



8. 35| tons nearly. 
6. 7 cub. ft. nearly. 

9. 1779-9 cub. ft. 
12. 2-912 tons. 
16. 16*54 cub. ft. 



8. 84 cub. in. 
6. 5-66 in. 

9. 1172-8 cub. yds. 
12L £3989 17«. 6d. 



EXEBCISE XXXn. 

1. 1-26 ft. 2. 1-09 ft. 3. 8*32 ft. 

5. 4-018 in. 6. 11-11 ft. 7. As 1 : 7. 

9. 16-207 in. 10. As 64 : 125. 

12. As 2 : 3. 18. 103/3 in. 

16. V : Vj ; I 4 : 5 inversely as heights. 

16. S : Si ! ; 4 : 3 inversely as radii. 

17. 17-4 in. 18. 51 cub. ft. 

20. Height of cylinder : height of prism ; : 21 VS : 275. 

21. As 1 : 7. 

lEXEBdSE XXXm. 



18-9. 



4. 

8. 

11. 6 m. 
14. 68. Sd, 



4Jin. 



19. As 125 : 64. 



1. 154 sq. ft. 



2. 3-09 ft. 



3. 65Jf cub. ft 
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4. 10-7 in. 5. 94 cub. in. 6. 1353 cub. in. 

7. 13-64 sq. ft. 8. 22-3 in. 9. 709^ lbs. 

10. 823-2192 cub. in. 11. 1 io. 12. J of the surface. 

18. £237 10s. 14. sJ(y. 15. 2932J. 

16. -«^ ft. = 2-8 in. 17. 1667-4 ft. 18. As 16:15. 19. 12 lbs. 



20. 16-708 ft. 21. As V2I : aJu, 22. 9 in. 

28. : S : : ?/21 : Vit 24. 25 sq. in. 26. 16 ft. 

26. 3v'3 : 1. 27. 2-44 in. 28. 1, {^^f, (112)2. 

XXSSCISE XXZIV. 

25 
1. 12ir sq. in. 3. 68ir sq. ft. 8. jg-in. ^ xh"^ ^'^^^ 

5. 48ir sq. ft 6. 6236 cub. ft. 7. 208-69 cub. ft. 8. 2 ft. 

9. fl^ jniles. 10. 61-07 sq. ft. 11. 308-43 sq. ft. 

12. *Y^ miles. 18. 126-2 mis. 14. 22-07 sq. ft. 15. 10>/2. 

16. V 10. 17. 8 ft. 18. ^. 19. 32-4 cub. ft. 
20. 62Ji cub. ft. 21. ll\l cub. ft. 

EXERCISE XXXV. 

1. £5 5«. 4ieZ. 2. 4s. 6Jc?. 8. £2 12s. lOJc?. 

4. £8 3s. lOd, 5. £12 12s. 6. £326 8s. 

7. 76| cub. ft. 8. £161 8s. 9. £233 17s. 9(f. ; 864 planks. 

10. £3 16s. 7M. 11. £15 16s. 12. 128^ cub. ft. 

18. 11-22 ro. " 14. £144. 15. £106 17s. 6fl?. 
16. £30 16s. 17. 60 cub. ft, 18. £46 8s. 1^. 

19. 27f 20. 33| cub. ft. 21. 48 cub. ft. 
22. lljgj ro. 28. £65. 24. £36. 

25. £5 lis. b}d, 

XLII.— MISCELLANEOUS EXERCISES ON SOLIDS. 
I. 

1. 6*46 ft. 2. 19-428 in. 8. 3788f cub. yds. 

4. 9304 lbs. 5. 17s. ^^d, 6. 477i cub. in. 

IL 

1. 9-34 ft. 2. 71-574 cub. ft. 8. 17 ft. ; 25^ ft. 

4. 17 cwt 21 lbs. 5. 386-6 gals. . 6. 4826J cub. ft. 

in. 

1. 1 if cub. ft. 2. £2 1.5s. 3. 9 sq. ft. 

4. H = D. 5. 2017-8 gals. 6. £29 14s. 
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12 ft. 3 in. 
249-4152 cub. ft. 



IV. 

2. 7-81 ft. 

5. 6-0316 miles 



3. 11-46 sq. in. 

6. 6 sq. ft. ; 4-836 sij. ft. 



103-92 ft. 
43552 gals. 



2. 2047 cub. ft. 1572 cub. in. 
r cub. ft. 6. One-half the radius. 



Cylinder = 18-85 sq. ft. ; sphere = 16-46 sq. ft. 
VI. 

£5 9«. IW. 2. 7-45 in. 8. 8*01 ft. 

601^ Vol 6. 1977-9 cub. fL 

Cube, 1 cub. ft. ; sphere, 1*382 cub. ft. 



50-2656 lbs. 
103-4 gals. 

50 It. 



VII. 

2. 29-96. 

5. As 3 : 5. 

VIII. 

2. lOJ sq. ft. 

6. 99-471 in. 



3. 83 : 518 : 399. 
6. 796 in. 



3. 7 ft. 2^ in. 
6. As 1 : 1-2407. 



IX. 



34if?in. 

9 cwt. 1 qr. 26 lbs. 0^ oz. 

5Jin. 



2. 15 ft. 9 in. ; 16 ft. 2 in. Yes. 

4. 26-272 cub. in. 

6. 1 ft. 11 in. deep, 5 ft. 9 in long. 



127-234 cub. ft. 
1*1412 cub. ft. 



X. 

2. 83-026 cub. ft. 
5. £103 125. lll\d. 



3. 157-08 sq. ft. 
6. 584 lbs. 



XLIII.— MISCELLANEOUS EXERCISES (GENERAL). 



1. 226f sq. in. 
4. 18 miles. 



1. 6 ft. 

4. 44196f tons 



1. 46-765 in. 
4. ^^{u 



T. 

2. 100 tons nearly. 
5. £42 15s. 

IL 

2. 18327 ft. 

5. 5028-56 cub. ft. 



III. 

2. £24 10s. 
5. 864. 



3. 39172 cub. yds. 
6. 662tfgals. 



3. 1 : 506880. 

6. 78 yds. and 58 yds. 



8. 137 sq. ft. 127-69 sq. in. 
6. 5-1416 sq. in. 
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1. 1-4 and 1-7. 
4. 904-78 sq. in. 


2. 25 ch. 
6. ^ sq. in. 

V. 

2. 8-5942 cub. ft. 
5. 3. 


8. 5 ft. 

6. 509-208 cub. in. 


1. 596 ft. 

4. £5 18«. ll^rf. 


8. 6-349 ft. 
6. £2 5s. lyi. 




VI. 




1. 9 : 4V5: 
4. 323-84 yds 


2. 3, 5, 7. 

5. 472 sq. ft. 

VII. 


8. 1728. 
6. £14 17s. 


1. 3 ac. 3 ro. 35 po. 
4. 486 sq. yds. 


2. 151-2 in. 

6. 6ft.; 4ift.; 3ft 

VIII. 


3. 2673 cub. in. 

6. 4318934-235 sq.ft. 


1. 2-52. 
4. Is. ^. 


2. 9360 cub. ft. 
5. 171-709 sq. fr. 

IX. 


3. 15-15 lbs. 
6. 12-5664 sq. fu 


1. -677 and -816 ft. 
4. 66 lbs. lOJIi ozs. 


2. 6 yds.; 1 yd. 
5. £6 17s. 9}^ 

X. 


8. 754-7S sq. ft. 
6. 3 ft. 0-48 in. 


1. 3-39 in. 
4. 2-315 hrs. 


2. 2513-28 cub. ft. 
6. 1607;j^ cub. in. 


3. 243-55 sq. ft. 
6. 168 sq. in. 



XLIV.— EASY EXERCISES. 

I. — On Measubements. 

A. 

1. 20 sq. ft. 2. 24 cub. ft. 8. 110 yds. 

4. 360 ch. 6. 484 sq. yds. 6. 10 sq. ch- 

B. 

1. 4J ac. 2. 759i ac. 8. 3J ac. 

4. 198 ft. 6. 1870 yds. 6. 10 ch. 

C. 

1. 60 sq. ft. 2. 612* sq. ft. 8. 825 sq. yds. 
4. 53 ft. 6. 77 sq. ft. 6. 75 sq. ft 
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11. — On Parallelograms. 
A. 
1. .Length x perpendicular height = area. 2. 20 sq. yds. 

3. 1050 sq. in. 4. 131J ac. 5. 30 yds. 6. 1125 sq. yds. 

B. 

1. Square the side. 3. Area = one-half of the square of the diagonal. 
8. 2J ac. 4. 72 sq. ft. 6. £13 6«. M. 6. 352 yds. 

C. 

1. Take the square root of the area. 

2. Take the square root of twice the area. 3. 22 yds. 

4. 110 yds. 6. 220 yds. 6. £4 7«. 6rf. 

D. 

1. Divide the area by the side 2. 36 ft. 

3. 4 ft. 4. 18 ft. 5. £4 16«. 6. Is. 6(f . 

in. — On Triangles, 

A. 

1. Take the square root of the sum of the squares of the base and 
perpendicular. 2. 15 ft. 8. 20 ft. 

4. 50 miles. 6. 880 yds. 6. 112| sq. ft. 

B. 

1. Take one-half of the product of the base and perpendicular. 

2. J ac. 3. 75 ft 4. 25«. 5. 119. 6. 5s. id. 

C. 

o 4" & 4" c , 

1. Let« = Tbenarea = V «»s — a.« — &.» — c 

2. 15-2 ft. 3. 11-6 sq. in. 4. 15 ft. 5. 15 ft. 6. 2| ft. 

IV. — Miscellaneous. 
A. 
1. 7J ac. 2. 119 sq. ft. 3. 3586 yds. 

4. 46^ sq. yds. 6. 20 yds.' 6. 8 ft. 

B. 
1. 294 sq. yds. 2. 26 sq. ft. 3. 170 sq. in. 

4. 352 yds. 6. 15 ft. 6. 36 ft. 

v.— On Circles. 
A. 

1. Multiply the diameter by ». 

2. The ratio of circumference to diameter = 3^. 

3. 22 ft. 4. 22 ft. 5. 11 ft. 6. 110 yds. 
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B. 

1. Multiply the square of the diameter by one-fourth of ». 

2. Multiply the square of the radius by ». 

3. 9f sq. ft. 4. 38J sq. ft. 5. 12f sq. ft 6. 88 ft. 

C. 

1. Divide the circumference by x. 

2. Divide the circumference by 2r. 

3. 3 ft. 4. lOJ ft. 5. 14| ft. 6. 660 y.ls. 

D. 

1. Divide the square of the circumference by 4ir. 2. 50|^f ac. 
3. 38* sq.yds. 4. As 11 : 14. 5. As 11 : 14. 8. 78f sq. ft. 

E. 

1. Take twice the square root of tiie area divided by ». 

2. Take the square root of the area divided by ». 

3. 14 yds. 4. 2 ft. 6. 6 ft. 6. As 7 : 22. 

F. 
1. Twice the square root of » times the area. 2. 44 yds. 

8. 22 yds. 4. 11 ft. 6. As 2^2 : 3. 6. 220 yds. 

G. 

1. Multiply the product of the sum and difference of the outer and 
inner radii by ». 

2. 330 sq. in. 8. 462 sq. ft. 4. 7? ac. 5. 10 ft. 6. 960. 

VI. — On Sectobj*. 
A, 

1. A surface bounded by two radii of a circle and the arc of the circle 
between these radii. 

2. Take one-half of the product of the length of the arc and the 
radius. 

8. 35 sq. ft. 4. V{\ sq. yds. 6. 100 sq. ft. 6. 38^ sq. ft. 

B. 

1. 27J sq. ft. 2. 44 sq. ft. 8. 90°. 

4. 120°. 5. 120 sq. ft. 6. 173J sq. ft, 

VII. — On Chords and Segments. 

1. A line drawn through a circle terminated each way by the circum- 
ference. 

2. A surface bounded by a chord and the arc which the chord cuts off. 
8. 8 ft. 4. 6 ft. 6. 5 ft 6. 4 ft. 

VIIL — On the Ellipse. 

1. Multiply the product of the two diameters by one-fourth of w^. 

2. 65 sq. ft. 8. 132 sq. ft. 4. 11 ac. 
6. 264 sq. ft. 6. As 7:6. 
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IX. — ^Miscellaneous. 




1. 12| ac. 
4. 10| ft. 


2. 2 ft. 1 in, 
6. 12 ft 


8. £6. 
6. Sac. 




X. — On Standards op Capacity. 


1. 10 lbs. 
4. 6} gals. 


2. 277i cub. in. 
6. 1} lbs. 

XI. — On the Parallelopiped. 
A. 


3. 62 J lbs. 
6. 34||cub.in 


1. 64 cub. ft. 
4. 9 cub. ft. 


2. 96 sq. ft. 
5. 27 sq. ft. 

B. 


8. 500 lbs. 
6. 6 yds. 


1. 6 yds. 
4. 1 J ft. 


2. 2400 cub. ft. 
5. J55A gals. 

C. 

2. 158. 

5. 37 sq. ft. 


3. 10 in. cube. 
6. 750 lbs. 


1. 72. 
4. 108. 


3. 562} tons. 
6. 2 It. 



'79 



XI I.— On Prisms and C flinders. 

1. Multiply the area of the base by the perpendicular height. 

2. 144 cub. in. 8. 96i cub. ft. 4. £4 10«. 9d 
6. 1200 gals. 6. 12j cub. ft. 

XIII. — On Cones and Pyramids. 

1. Multiply the area of the base by one-third of the perpendicular 
height. 2. As 1 : 3. 

3. Take the square root of the sum of the perpendicular and radius ui 
the base. 

4. Multiply the circumference of the base by half the slant height. 
6. 600 cub. in. 6. 48 cub. ft. 

XIV.— -Miscellaneous. 

1. 25 ft. 2. 675 sq. ft. 8. 440 sq. ft. 

4. 385 cub. ft. 6. 30 cub. in. 6. 21 JJ tons. 

XV. — On the Sphere. 

1. Multiply the cube of the diameter by one-sixth of ir. 

2. As 21 : 11. 8. As 2 : 3. 4. 22JJ cub. ft. 
6. 4^-^ cub. ft. 6. As 21 : 11. 
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XVI. — M18CKLLANEDU8. 
A 

1. As 9 : 16. 2. As 27 : 64. 8. As 9 : 16. 

4. As 27 : 64. 6. As 1 jj% : 33. 6. As 8 : 27. 

B. 

1. 25 V2. ^'^"F' ^^ s'^' 

3. 54 sq. ft. 4. 28? sq. ft. 5. 188f sq. ft. 6. 200 miles. 

C. 

1. Take one-balf the product of the two diagonals. 2. 35 sq. ft. 

8. 10-825 sq. ft. 4. 2-598 sq. ft. 5. As 16 : 25. 



6. 30f sq. ft. 


D. 




1. As 1 : 36. 


2. As 1 : 660. 


8. 10, 15. 


4. As 1 : 2504. 


5. 3 : 2 Va. 
E. 


6. 30. 


1. 2-5 ft. 


2. 12-5 sq. ft. 


8. 520 sq.ft. 


4. 2 : V27. 


6. 20 sq. yds. 
P. 


6. 19^\ sq. ft. 


1. 1540 cub. ft. 


2. 14 yds. 


8. 88 sq. ft. 


4. 110 sq. ft. 


5. 616 sq. ft. 
G. 


6. 132 sq. ft. 


1. As22»:7». 


2. £3. 


8. 15 ft. 


4. As 21 : 11. 


5. 30 cub. ft. 
H. 


6. 56 miles. 


1. 80 sq. yds. 
4. 34-65 ac. 


2. 141-4 yds. 

5. 60 plots. 

I. 

2. 58 ft. 

6. £1 9s. 3Jri. 


8. 462 sq. ft. 
6. 480 times. 


1. 23J sq. yds. 
4. £4 Is. 8d. 


8. 64^ sq. yds. 
6. £7. 




K. 




1. 154 sq. ft. 


2. 2-8 cub. ft. 


8. 132 sq. ft. 


4. £11 lis. 


6. 21-1^ cub. ft. 


6. 14 ft. 
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XLVIII.-HARD EXERCISES. 



1. 

4. 

7. 
10. 
14. 
17. 
19. 
22. 
26. 
28. 
81. 
83. 
35. 
38. 
40. 
43. 
46. 
49. 
61. 
63. 
66. 
68. 
61. 
64. 



9:4. 2. 8 in. 

27 cub. ft 6. 106-7 cub. yds. 

19-59 in. 8. 7^3416 ft. 

1-964 in. 12. 196-4 yds. 

J cub. ft. 16. 2544-69 cub. ft. 

82-729 cub. in. ; 169-64 sq. in. 

78-617 sq. iu. 20. 180 yds. 5 in. 

300. 23. 9 in. ; 438-9 cub. in. 

92-1533 cub. in. 26. 10686 sq. yds. 

460047 tons. 29. 30*041 in. 

12612600 gals. ; 29594565000 tons. 

49-582 cub. in. 34. 119-43 cub. in. 

77-8 miles. 36. 25-457 cub. in. 

3-464 sq. in. ; 121-736 cub. in. 



3. 30350-9. 
6. 491-07. 
9. 600 cub. ft. 
13. 23-91 ac. 
16. The former. 
18. 282-744 cub. hi, 
21. 0-0404 ; 0-0805. 
24. 0-9427 sq. iu. 
27. 0-463 in. 
30. £127 48. 10'2oU 
32. 2-545 ft. per seo. 
147-714 sq. in. 

37. 1-0272 sq. in. 
39. 565-488 sq. ft. 
42. 0-9317 in. ; 2-5 in. 
46. 125-5 cub. in. 
48. 766-44 yds. 



7-444 in. 41. 740-6 miles an hour. 

5-823 in. 44. 326-858 sq. in. 

4-626 in. 47. J; 70° 33'. 

25§ cub. in. 60. 3854-6 cub. ft. ; 3-94 ft. 

307-88 sq. in. ; 494*28 cub. in. 62. 10600 cub. ft. 

9-97 in. 64. 95-23 sq. miles. 66. 11-7 miles. 

896-76 cub. in. 67. 16343 sq. in. ; 79-62 cub. in. 

21-5 per dent. 69. 20828300. 60. 1-63 in. 

2-28 cub. in ; 61-56 cub. in. 62. 18-92 miles. 63. 6-4638 

3-92 in. 66. 4365 miles. 66. 2-0926 ft. 



SANDHURST. 

1. 1949-7 sq. in.; 19497 cub. in. 2. 3417*825 sq. ft 

3. 950 sq. yds. 4. 9-4248 cub. ft. 6. 183J sq. in. 

6. 0-5418 ft. 7. 1612-5 sq. ft. 8. 4*1888 cub. in. ; 5-236 cub. in. 

9. £833 17». 3£f. 10. 143 yds. 11. lOJ in. 
12. 93-976 sq. in. 13. 1889-7 sq. ft. 

14. 92-4 sq. in. ; 14-941 in. 16. 20 ft. 16. 1-3 ft. ; 8*168 sq. ft. 
17. 4 in. 18. 1-245 in. 19. 1 in. 

20. 933-55 cub. in. ; 1381-70 cub. in. 
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WOOLWICH. 

1. 122-45 ft. 2. 45*^. 8. 233-5 ft.; 23905 tons. 

4. 165-748. 6. 0-563119 ft. 6. £19958. 

7. 1221-7 cub. in. 8. 190-76 sq. ft. 9. 7-43 ft. 

10. 96 cixb. in. ; 138*53 sq. in. 11. 2-338 tons. 12. 209*6 sq. yds. 

18. 13-27 sq. ft. 14. 22*66 sq. yds. 15. 2*737 in. 
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HAMBLIN SMITH'S MATHEMATICAL SERIES. 

ARITHMETIC. By J. Hamblin Smith, M.A., of Gonville and Caius 

College* and late Lecturer in Classics at St. Peter's College, Cambridge. Crown 8vo.y 
y. 6a, (Copies may be had without the Answers.) 
A KEY, 95; 

EXERCISES in ARITHMETIC. Arranged and Adapted to the Sections 
in Hamblin Smith's "Treatise on Arithmetic." By J. Hamblin Smith, M.A. 
Crown 8vo.» with Answers, af. ; without Answers, js. 6d. 
A KEY, 6s, 6d, 

A SHILLING ARITHMETIC. For the Use of Elementary Classes and 

Preparatory Schools. Fcp. 8vo., zx. With Answers, x; . 6d. 

ELEMENTARY ALGEBRA. Bv J. Hamblin Smith, M.A. Crown 

Svo., with or without Answers, y, 6a, Answers separately, 6d. 
AKEY,9f. 

EXERCISES on ALGEBRA. By J. Hamblin Smith, M. A. Crown Svo., 

as, 64, (Copies may be had without the Answers.) 

An ELEMENTARY TREATISE on the METRIC SYSTEM of 
WEIGHTS and MEASURES. With Exercises, Examples, and Answers. 
Crown Svo., 2s, 

ELEMENTARY TRIGONOMETRY. By J. Hamblin Smith, M.A. 

Crown Svo., as* 6d, 
A KEY. 7*. 6d. 

ELEMENTARY STATICS. By J. Hamblin Smith, M.A. Crown 8vo., $r, 

ELEMENTARY HYDROSTATICS. By J, Hamblin Smith, M.A. 

Crown 8vo., 3X. 
A KEY to STATICS and HYDROSTATICS. 6s. 

GEOMETRICAL CONIC SECTIONS. By J. Hamblin Smith, M.A. 

Crown 8vo., 3*. 6d, 
ELEMENTS of GEOMETRY. By J. Hamblin Smith, M.A. Contain* 

ing Books I. to VI., and portions of tooIcs XI. and XII. of Euclid, with Exercises 
and Notes, arranged with the Abbreviations admitted in the Cambridge University and 
Local Examinations. Crown 8vo., 3s, 6d, 

Books I. and II. may be had separately, limp doth, xs, 6d, 

A KEY, 8x. 6d, 

BOOK of ENUNCIATIONS for HAMBLIN SMITH'S GEOMETRY, 
ALGEBRA. TRIGONOMETRY, STATICS, and HYDROSTATICS. Small 
8vo., xs. 

An INTRODUCTION to the STUDY of HEAT. By J. Hambun 
Smith, M.A. Crown 8vo., y. 
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A SELECTED LIST OF SCHOOL BOOKS. 
LONGMANS* SCHOOL ARITHMETIC. By F. E. Marshall, M.A., 

late Foundation Scholar of Trinity College, Cambridge, and J. W. Wblspord, M.A.« 
late Fellow of Gonville and Caius College, Cambridge; Assistant Masters at Harrow 
SchooL Crown 8vo., 3f. (>tU The book can be had with and without Answers at the 
price as above. 

LONGMANS* JUNIOR SCHOOL ARITHMETIC. An Arithmetic for 

Beginners, Mental and Practical. Fcap. 8vo., ix. With Answers, zx. 6</. 

LONGMANS* ELEMENTARY MATHEMATICS. Containing Arith- 

metic ; Euclid, Book I. ; and Algebra. Specially adapted to the requirements of the 
Science and Art Department. Crown 8vo., m. 6tf. 

LONGMANS' JUNIOR SCHOOL ALGEBRA. By Wiluam S. Beard, 
F.R.G.S., Assistant-Master in Christ's Hospital. Crown 8vo., xx. (ttU With 
Answers, ax. 

LONGMANS* ELEMENTARY TRIGONOMETRY. By Rev. Frederick 
Sparks, B.A., late Lecturer of Worcester College, Oxford; Mathematical Tutor, 
Manor House, Lee. Crown 8vo., ax. 6d. 

The ELEMENTS OF PLANE and SOLID MENSURATION. With 
Copious Examples and Answers. By F. G. Brabant, M.A. 3X. (xl, 

EXPLANATORY MENSURATION. Containing numerous Examples, 
and embodying many of the Questions set in the Local Examination Papers. By the 
Rev. Alfred Hiley, M.A. lamo., ax. td, 

PRACTICAL MENSURATION. Illustrated by 700 practical Examples 
and 700 Woodcuts. By A. Nesbit. x2mo., 3X. &/. Key, 5X. 

PRACTICAL LAND-SURVEYING. For the Use of Schools and Private 
. Students. By A. Nesbit. Edited by W. Burness, F.R.A.S. With X4 Plates, 
321 Figures, and a Field-Book. 8vo.,, i3x. 

The HARPUR EUCLID ; an Edition of Euclid's Elements revised in 
accordance with the Reports of the Cambridge Board of Mathematical Studies, and 
the Oxford Board of the Faculty of Natural Science. By E. M. Langlev, M.A., 
Senior Mathematical Master, the Modern Sthool, Bedford, and W. S. Philt.ips, M.A, 
Senior Mathematical Master at Bedford Grammar School. Crown 8vo. Book I., zx. 
Book IL, XX. Books L and IL, 2X. Books lU. and IV.. 2x. Books I.-IV., 3X. 6d, 
Books v., VI., and XI. x-21, 2x. (>d. Books I.-VI. and XI. 1-21, 4X. 

TEXT-BOOK on PRACTICAL, SOLID, and DESCRIPTIVE GEO- 
METRY. By David Allans Low, Principal of the People's Palace Technical School, 
London. Crown 8vo. Part I., with 114 Figures, 2X. Part II., with 64 Figures, 3X. 

PRACTICAL PLANE and SOLID GEOMETRY, including Graphic 
Arithmetic. By I. Hammond Morris, South Kensington Art Department. Fully 
Illustrated with Drawings prepared specially for the book by the Author. Crown 8vo., 
sx. &/. 

GEOMETRICAL DRAWING for ART STUDENTS. Embracing Plane 

Geometry and its Applications, the use of Scales, and the Plans and Elevations of 
Solids as required in Section I. of Science Subject I. By I. H. Morris. Crown Svo., 
xs.dd. 

GEOMETRICAL DRAWING. For the Use of Candidates for Army 
Examinations, and, as an Introduction to Mechanical Drawing. By W. N. Wilson, 
M.A., Assistant Master at Rugby School. Crown 8vo., 4X. 6</. 
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APPROVED SCHOOL-BOOKS. 

By the Eev. JOHN HUNTER, M.A. 



SHAKSPEARE'S PLAYS; with Explanatory and Illus- 
trative Notes, Critical Remarks, and other Aids to a thorongb understandinK of 
each Play Crown 8vo. price Qmb Shilling each Play, 

MILTON'S PARADISE LOST; with a Prose Paraphrase, 

the Parsing of the more Difflcolt Words, Specimens of Analysis, and numerous Notes. 
Books I. to V. price is; each. 

EXAMINATION-QUESTIONS for Middle-Class Candidates 

on the FIRST TWO BOOKS of MILT0N*S PAKADISB LOST, price U.. and on 
SHAKSPEARE'S MERCHANT of VENICE, price 6(2. 

BACON'S ESSAYS; with Critical and Illustrative Notes; 

and an Example with Answers of an Examination-Paper on the Esaajrs. 

Crown 8to. 3«. 6<i. 

MILTON'S SAMSON AGONISTES and LYCIDAS ; 

with Notes explaining Peculiarities of Grammar, Diction, &c 12mo. 1 «. 

MILTON'S COMUS, L'ALLEGRO, and IL PENSE- 

ROSO; with Notes 12mo. Is. 

MILTON'S ARCADES and SONNETS ; with Notes. 

12mo. It. 

POPE'S ESSAY on MAN ; edited with Annotations. 

/ Pep. 870. if. ftO. 

JOHNSON'S RASSELAS; with Introductory Remarks, 

Explanatory and Grammatical Annotations, &c 12mo. 2t, M. 

TEXT-BOOK of ENGLISH GRAMMAR: Etymology 

and Syntax, Parsing and Punctnation, Vocabulary and English Grammatical 
Bibliography l2mo. a«. 6d. 

EXERCISES in ENGLISH PARSING Umo. 6d. 

PARAPHRASING and ANALYSIS of SENTENCES, 

simpllfled for the use of Schools, forming a Manual of Instruction and Exercise for 
the use of Students, TeiMjhers, Ac l2mo. l«. 3d.— Kbt, Is. 3d. 

SCHOOL MANUAL of LETTER-WRITING: Models of 

Letters on Commercial and other Subjects; with Exercises in Epistolary Composition. 
Explanations of Abbreviated Titles, Commercial Terms, 4c i2mo; Is. M. 

MODERN STUDIES in INDEXING and PR]6CIS of 

CORRESPONDENCE for the use of Civil Service Candidates. limo. 3«. id 

INTRODUCTION to the WRITING of PRECIS or 

DIGESTS, as applicable to Narratives of Facts or Historical Events, Conwpondenoe, 
Evidence, Official Documents, and General CompoHltioii 12mo. 2«.~Kbt, Is. 

COMMERCIAL PRlfeCIS- WRITING ; with Examples of 

making Digests of Commercial Correfipondence ...Fcpi. Svo. is. 6d. 
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APPROVED SCHOOL-BOOKS. 

By the Eev. JOHN HUNTEB, M.A. 



NEW SHILLING AEITHMETIC; a Treatise for Be- 

fliuMn. dfldgned to promote InteDlfMioo and bpflrtnaa in tho Appliatlon of tho B«* Modora 
M^lMda of CUcoladon I7.W7. IBao. !«.— Kir. U 

A MANUAL of SHOET METHODS in AEITHMETIC; 

dMlmad far tbo Um of BthtnOB, and to llMiUtnte tho Arithmotiaa CMcMtotfont of Bintnen and 
"• — WUhAnmr««i Unut. U M.~Kbt. In 



MODEEN ARITHMETIC; a Treatise adapted for School 

Work and for Prirate Stodjr, ooutalninc nnaiMoas ImprovwMnto in aid of tbo Pvaporadon oT OMidi> 
dates for PabUeEamlnatkNia Itoo. Si. 6A— KSY, fc 

SOLUTIONS of QUESTIONS in AEITHMETIC and 

BOOKKBtPIMO wad In tfaeCiTU Serioe Bzamlnationi. and puUlab*! in tlM Appendix oTtha Ing. 
UA Boport ot tha Oommltrionwa; wJUi a SUFPumiirr wwitelning Wauukyim in i " 



Uma.U.94. 

The ABT of SOLVING PEOBLEMS in HIGHBE ABITH- 

mnC; wiUtaCliapteronthaAritluneticofLatftudaandl«nittida. WithAnnran 

Otown 8VO. Si. ML— Kit. 81; 94. 

BEGINNINGS IN BOOKKEEPING for COMMEECIAL 

8CHOOLS. An Introdnetlon to 'Salf-Initnietion in Booltfcaaping 

Vcp. 8fa U ML— Kn, flepi 8m Sa 6d. 

SELF-INSTEUCTION in BOOKKEEPING; a Treatise 

Sqdalning Slmpljr. and by numcroas Kiampl« tlM Prindplai and Pnctko of tlM Single and Doablo 
Xnti7 18nio.3i. 

STUDIES in DOUBLE-ENTEY BOOKKEEPING for the 

me of Candldateik indodlng Private Journal and Ledfw; Mrving to eivlaln tha chief difleoltiee 
ooourring in Modem Sxaminiltion Papon >. Crown 8ni.Si. 

PBOGEESSIVE EXEBCISES in BOOKKEEPING by 

DOUBUB BNTET. inclnding Aoooun^Statei, Paitnarthlp Aoooontik Private Journal and Led«er. Ac 

ISma U. 6d.— KMT, la «d. 

EXAMINATION-QUESTIONS in BOOKKEEPING by 

DOUBUB ENTRY, prwxded by flill DireetioM te tba Ttm Stetlna of Dr. and Cr. ISmo. ptioe U. 

^Or with tha AMawua. ISmo. V. 6dL 

6UPPLEMENTAET BOOKKEEPING by DOUBLE 

SNTBT; a Couwe of Inetmetlon in tte HItfier Forme of dTJl Service liamlnation.. .. Crown 8va 8c 

EULED PAPEB for the various Forms of Account-Books 

required in Huiim'S Eiamination-Qoeetioas In Bookkeoping. 6 eort^ price U. «d. per quire. 

An EASY INTEODUCTION to the HIGHEE TEEATISES 

onllwOONIC UCnONS Umo. >L M.— K*T, In 

COLENSO <fc HUNTEE'S INTEODUCTOBY ALGEBBA, 

With an Appendix of New SiampleB lAno. Si. 6d.— Kir, Si. «d. 

ELEMENTS of PLANE TEIGONOMETEY; with 

nomeroui Problem^ Tablee, and IxeretoB ISmo. U.— Kit. ML 

ELEMENTS of MENSUEATION; witii numerous 
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